GALOIS SUBFIELDS OF TAME DIVISION ALGEBRAS
TIMO HANKE, DANNY NEFTIN, AND ADRIAN WADSWORTH

ABSTRACT. We show that a finite dimensional tame division algebra over a
Henselian field F' has a maximal subfield Galois over F' if and only if the residue
division algebra D has a maximal subfield Galois over the residue field F. This
gives a criterion for such an algebra to be a crossed product, leads to the dis-
covery of new noncrossed products and, if F is a global field, to a description of
their location among tame division algebras.

1. INTRODUCTION

We consider finite-dimensional division algebras D over their center F. The
division algebra D is called a crossed product if it contains a maximal subfield
which is Galois over F', otherwise a noncrossed product. The question of existence
of noncrossed products arose in the 1930’s, and was answered affirmatively by
Amitsur in 1972 [2]. Subsequently, their existence and location in the Brauer
group for more familiar fields F' was studied using a variety of methods.

Supposing that F'is a Henselian valued field, we recall that the valuation of F
extends uniquely to a valuation of D for every division algebra D over F'. In case
D is inertially split, i.e. split by an unramified extension of F', it was first known
that D is a crossed product only if the residue division algebra D is a crossed
product [10, Thm. 5.15(b)]. This goes back to Saltman [13] who used this kind
of argument to construct new noncrossed products from old. By a more complete
criterion [7], any inertially split D is a crossed product if and only if D contains
a maximal subfield Galois over the residue field F. Note that this is a stronger
condition than saying D is a crossed product since F' may be a proper subfield
of the center of D. This criterion goes back to Brussel [3], who used this kind of
argument over complete rank 1 valued fields to obtain noncrossed products over
fields as simple as Q((¢)). Subsequently, the criterion has led to a description of the
“location” of crossed and noncrossed products among all inertially split division
algebras over F', when F' is Henselian with global residue field, [6], [5].

In this paper we consider the larger class of division algebras D which are tamely
ramified (tame) over a Henselian field F, i.e. split by a tamely ramified extension
of F. In particular, these include all division algebras whose degree is prime to
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the residue characteristic. Our main result, Theorem 1.1, generalizes the above
mentioned criterion to tame division algebras.

Theorem 1.1. Let I’ be a Henselian field, and D a finite-dimensional tamely
ramified dwision algebra with center F. Then D has a mazimal subfield Galois
over F' if and only if D has a mazimal subfield Galois over F.

Theorem 1.1 is useful in determining which tame division algebras are crossed
products over all Henselian fields F' whose residue field is sufficiently well under-
stood. When F is of cohomological dimension 1 or a local field, we deduce that
all tame division algebras over F are crossed products. When F is a global field
we describe the location of noncrossed products among tame division algebras,
extending [6] and [5], and discovering new noncrossed products.

The main difficulty in proving Theorem 1.1 lies in the “only if” implication.
Given a maximal subfield M of D, Galois over F, neither the residue field M itself
nor the compositum of M with the center of D need to be a maximal subfield
of D. Hence in the tame case the construction is significantly different from the
inertially split case, where it was enough to consider M - Z(D), cf. [7].

Our construction of the desired maximal subfield of D uses the theory of graded
division algebras which provides a one to one correspondence between tame divi-
sion algebras and graded division algebras [9]. It associates to D a graded division
algebra gr(D) over the associated graded field gr(F'), and to M a graded maximal
subfield gr(M) Galois over gr(F'). Most importantly, it equips gr(D) with canonical
subalgebras which we use in order to modify gr(M) to a maximal graded subfield
M’ of gr(D) with residue field which is maximal in D and Galois over F. We note
that the canonical subalgebras are available only in graded setting, and hence an
analogues argument seems impossible to carry on without this setting.

We thank Kelly McKinnie for her interest and question which led us to a simpli-
fication of the proof. This material is based upon work supported by the National
Science Foundation under Award No. DMS-1303990.

2. GRADED AND VALUED ALGEBRAS

We first recall the basic definition and facts concerning graded algebras, based
on [9] with the exception of Section 2.3 which is based on [8] and [11]. A more
extensive treatment of these facts will appear in [16].

Throughout the section we let I' be a torsion free abelian group.

2.1. Graded rings and division algebras. A graded ring D with grade group T’
(or a I'-graded ring) is a ring with a direct sum decomposition D = &,rD,,, where
each D, is an abelian group and D.,- D5 C D,4s. Denote I'p = {y € I'| D, # {0} }.
A graded homomorphism ¢ : D — E of I'-graded rings is a homomorphism which
preserves the grading, i.e. ¢(D,) C E, for all v € I.

A graded subring of D is a subring E C D such that E = @,¢r, (D, N E). This
decomposition defines a I'-grading on E with E, = D,NE. Note that the centralizer
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Cb(E) is a graded subalgebra of D, hence in particular the center Z(D) is graded
subalgebra of D.

Let D be a graded ring with 1 # 0. Then D is called a graded division ring if
every nonzero element of D, v € I', is a unit. In this case Dy is a division ring,
and multiplication by 7 induces an isomorphism D, = D, of Dy-module; Hence D,
is a rank 1-module over D.

Commutative graded division rings are called graded fields. If D is a graded
division ring whose center contains a graded field F as a graded subring, then D is
called a graded division algebra over F. In this case Dy is a division algebra over
Fo. For a graded F-subalgebra E C D, D is free as an E-module, cf. [9, Paragraph
preceeding (1.6)], and the dimension [D : E] is defined as the rank of D as an E-
module. We shall assume that all graded division algebras are finite-dimensional.
The degree of a graded division algebra D is degD := +/[D : Z(D)].

Given two I'-graded algebras D and E over F, the tensor product D ®¢ E is also a
I-graded algebra with (D ®¢E)., generated by d, ® eg where d,, € D,,e3 € Eg, and
a + 8 = 7. The double centralizer theorem is available in the graded setting |9,
Proposition 1.5] and implies, using the same argument as in the ungraded setting,
that for a graded division algebra D over F, [M : F|] < degD for any graded subfield
M, with equality if and only if M is a maximal graded subfield of D.

2.2. Ramification. The following ramification properties of graded division rings
are analogues to ramification properties of valued division rings. Let D be a graded
division ring, and E C D a graded division subring. Then one easily obtains the
fundamental equality, cf. [9, (1.7),p.79],

(2.1) ID: E] = [Do : EoJ|Tp : Tel.

We call D unramified over E if I'n = I'g (i.e. [D : E] = [Do : Eo) and totally ramified

Let A C D be a graded subring which is also a graded division ring and contains
E. Then D/E is unramified (resp. totally ramified) if and only if D/A and A/E are
both unramified (resp. totally ramified).

Let F be a graded subfield of Z(D), so that D is a graded F-division algebra. For
every Fo-subalgebra A of Dy there is a unique graded division F-subalgebra A C D
with Ag = A. This A is generated by A over F and is canonically isomorphic to
A ®g, F.

Note that the intersection AN B of two graded subrings of D is a graded subring
with (ANB), = A, N B,. In the totally ramified case we have:

Lemma 2.1. Let A, B be two graded subrings of D which are also graded division
rings. Assume D is totally ramified over B. Then

(i) B = &yer,Dy;
(ZZ) FAOB — FA OFB
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Proof. Clearly, B C B’ := @,¢r, D,. Since D, is a rank-1 module over Dy = B,
one has B, = D, for all v € I'g. Hence, B’ = B, showing (i).

The inclusion I'ang € I'a N I'g is obvious. Conversely, for v € 'y N I'g, using
B, =D,, we have (ANB), =A,ND, =A, # {0}, completing (ii). O

2.3. Graded field extensions. Let L/F be a finite extension of I'-graded fields.
As T is torsion free, F is a domain and we can form its field of quotients ¢(F). Note
that [L : F] = [q(L) : ¢(F)], [8, Proposition 2.1].

We call L tame (or tamely ramified) over F if the field extension Ly /Fy is separable
and char Fo /|I' : I'g|. Normal and Galois extensions of graded fields can be defined
similarly to the ungraded case, and are equivalent to the corresponding properties
of their quotient fields:

L/F | q(L)/q(F) Reference
(2.2) tame | separable | [8, Proposition 3.5]
' normal | normal [11, Lemma 1.2]
Galois | Galois | [11, Proposition 1.3]

Furthermore, the group of graded automorphisms Aut(L/F) is naturally isomorphic
to Aut(q(L)/q(F)) [8, Corollary 2.5(d)], and if L/F is Galois there is a one to one
correspondence between graded subfields F C M C L and subfields ¢(F) C M C
q(L) which preserves degrees and Galois groups [8, Proposition 5.1]. In particular,
if L/F is normal and F C M C L is a graded subfield then:

(2.3) M/F is normal if and only if M is invariant under every o € Aut(M/F).

Consider commuting graded subfields K, L, of a graded division algebra D which
contain F := Z(D). The compositum K - L is the algebra generated by K and L in
D. Picking Fo-bases {k} ery and {ls}ser, for K and L, respectively, which consist
of homogenous elements, one has

K-L= ) Fokyls,
’YGFK,(SGFL
and hence K- L is a graded subfield of D. We say that K and L are linearly disjoint
over E := KNL if the natural map K®gL — K-L is an isomorphism. In particular,
K and L are linearly disjoint over E if and only if [K-L: E] = [K: E][L : E].

Lemma 2.2. Let D be a graded division algebra over F. Let K and L be commuting
graded subfields of D containing F, with L Galois over KNL. Then K and L are
linearly disjoint over KN L.

Proof. Let E := KNL. By [8, Corollary 2.5(a)], K (resp. L) is the integral closure of
E in ¢(K) (resp. ¢(L)). Hence ¢(K)Ng(L) = ¢(E). It is straightforward to verify that
q(K)-q(L) = q(K-L). As ¢(L)/q(E) is Galois, ¢(K) and ¢(L) are linear disjointness
over ¢(E) and hence [K-L: K] = [g(K)-¢q(L) : ¢(K)] = [q(L) : ¢(E)] = [L : E]. O

We shall also need the following lemma concerning totally ramified extensions:
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Lemma 2.3. Let F C K C M be graded fields such that M/K is totally ramified. If
M/F is normal (resp. Galois) then K/F is normal (resp. Galois).

Proof. Since M/K is totally ramified, by Lemma 2.1 we have K = € M,. As
v€lk

each o € Gal(M/F) is degree-preserving, this shows that o(K) = K. If M is normal

over F then by (2.3), K is also normal over F. If M/F is tame then by (2.2), K/F

is tame. Both statements are proved. ([l

Finally, we also note that the equivalent definition of normality in [11] and [8,
Corollary 2.4(c)] imply:

(2.4) if L/F is normal (resp. Galois) then Ly/Fy is normal.

2.4. Canonical subalgebras of graded division algebras. The following canon-
ical algebras and their properties were introduced in [9]. Let D be a graded division
algebra over its center F.

Then D has the following canonical subalgebras:

= Dy ®f, F = the maximal subalgebra of D unramified over F,
= Z(Dy) ®¢, F = the center of U,

= the centralizer Cp(U),

= the centralizer Cp(Z) = U ®;z C.

D

U/EU®KC
~.,
\

F

Note that U and hence Z, C, and E, were chosen canonically and hence are invariant
under conjugation by nonzero elements of D,, v € I'p. Thus, the same holds for
Z, E, and C. Moreover, as D is totally ramified over U, one has Uy = Eg = Dy. In
particular,

(2.5) [D:E]=|I'p:Te|=[Z:F| =[Z: Fo).
The center Zy = Z(Dy) clearly contains Fg but is not necessarily equal to it.
In fact, Zy/Fq is Galois with abelian Galois group which is described as follows.

Let int(d,) denote the inner automorphism which sends = € D to dyzd;". Let
Op : I'p — Gal(Zy/Fy) be the homomorphism for which 0p(7) is the restriction of

MmO NC
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int(d,) to Z, for any nonzero d, € D,. Then 60p is well defined, surjective, and its
kernel is I'g, [9, Proposition 2.3]. Hence Gal(Zy/F¢) = I'p/TE.
We shall need the following properties of maximal graded subfields of C:

Lemma 2.4. Let T be a maximal graded subfield of C. Then:
(i) T is Galois over F;
(i) I'r = Leem

Proof. By the double centralizer theorem [9, Proposition 1.5],

AsT'y =I'z C I't, we get Ity = I'y, proving (ii).

To show (i), we first claim that T/Z is Galois. Since C is totally ramified over
Z, its graded subfield T is also totally ramified over Z. Hence, by Lemma 2.1
(2.6) T= & C,.

v€l'T
By [9, Proposition 2.3|, we have char Fy f|T'c : I'z|, and hence char Fo f/|T't : T'z|.
This shows that T is tame over Z. As T is also totally ramified over Z, and
charFy f|I'r : I'z|, [8, Proposition 3.3] implies that ¢(T)/q(Z) is a Kummer exten-
sion, hence normal. As T/Z is tame and normal it is Galois, proving the claim.

As Z is Galois and unramified over F, we have Gal(Z/F) = Gal(Z,/Fy). Let
o € Gal(Z/F). Since 6p is surjective, there is a unit d € D, for some v € I, such
that int(d)|z, = o|z,, and hence int(d)|z = o. Since d lies in one of the components
D,, int(d) preserves C. Thus, (2.6) shows that int(d) preserves T. Since Z/F and
T/Z are Galois and since every automorphism in Gal(Z/F) extends to a graded
automorphism of T, it follows that T is Galois over F, as required. OJ

2.5. Correspondence with valued division algebras. Let D be a division
algebra over a Henselian field F', v the unique extension of the valuation on F' to
D, and T its value group (a totally ordered abelian group). Recall that D is tame
if and only if

[D:F)=[D:F|[l'p:TF],
Z(D) is separable over F', and char F f[ker(p) : I'z], cf. [10, §6]. Furthermore, D
is inertial if it is tame and unramified, i.e. I'p = 'p.

Tame division algebras D correspond to graded division algebras by associating
to D a I'-graded division ring gr(D) whose components are gr(D), = D>,/Ds.,
where

D>, ={x € Dl|v(z) >~} and D~ = {z € D|v(z) > 7}.
Furthermore, gr(D) is a graded division algebra over gr(F') with I'n = I'p. The
map D — gr(D) gives a degree preserving bijection [9, Theorem 5.1] between
tamely ramified division algebras over F' (up to isomorphism) and graded division
algebras over gr(F) (up to isomorphism). By [9, Corollary 5.7], this correspondence
is functorial under field extensions L/F', and hence L is a maximal subfield of D
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if and only if gr(L) is a maximal graded subfield of gr(D). By [11, Theorem 1.5],
if L/F is normal then so is gr(L)/ gr(F).

On the level of fields, by [8, Theorem 5.2|, there is a correspondence between
tame graded extensions of gr(F') and tame field extensions of F', which preserves
degrees and Galois groups. In particular, every tame graded field extension L of
gr(F') corresponds to a tame field extension L/F, called a tame lift, such that
gr(L) = L as graded fields.

We shall also need the following lemma which describes properties that are
preserved under tensor products with inertial algebras. Denote by [D] € Br(F)

the Brauer class of D, let deg[D] = deg D := +/[D : F], and 0p := Qg,(D)

Lemma 2.5. (Jacob-Wadsworth [10]) Let I, D be central division algebras over
F. Assume I is inertial and D is tame. Let D" be the division algebra underlying
[I @ D]. Then Z(D') = Z(D), 0p = 0pr, [D'] = [I @ D] in Br(Z(D)), and the
following ratio is preserved:

degD  degD'

(2.7) — = —.
deg D  degD’

Proof. All assertions are proved in [10, Corollary 6.8], except for the last which is

derived as follows. Since D is tame:
[D:F] = [gr(D):gr(F)]=[D:F]-['p:TF

= [D:2(D)||Z(D) : Fllker0p : Tr| Im 0p).

Since [Z(D) : F] = |Imp|, by taking square roots, we get:

(2.8) deg D =deg D - |Im0p| - /[ker0p : T'g].
Thus,
deg D deg D'
= |Im§é kerfp : I'p| = |ImOp/| -/ kerOp : T'p| = —. [
des D [Im Op| - v/[ker0p : Tp] = [ImOp/| - /[ker Op : T'r] e D

3. MAXIMAL SUBFIELDS OF TAME GRADED DIVISION ALGEBRAS

Throughout the section we fix a graded division algebra D with center F, and
let Z,C, U, and E be its canonical subalgebras (introduced in §2.4). We first prove
the graded version of Theorem 1.1:

Theorem 3.1. A finite-dimensional graded division algebra D has a graded maxi-
mal subfield Galois (resp. normal) over F if and only if Dy has a maximal subfield
Galois (resp. normal) over Fy.

The following Proposition gives the “if” implication of Theorem 3.1.

IThis definition slightly differs from the definition of #p in [10], where 6p is defined on I'p /T'p.
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Proposition 3.2. Let M be a maximal subfield of Do, L = M ®¢, F, and T a
maximal graded subfield of C. Then M := L - T is a maximal graded subfield of D.
Furthermore, if M /Fy is Galois (resp. normal) then M/F is Galois (resp. normal).

Proof. Since M is maximal it contains Z(Dy). By definition of Z, U, C, cf. §2.4, we
have Z C L C U, and L and T commute. Hence, M is a graded subfield of D. Since
L/Z is inertial we have:

L:Z] = [M:Z(Dy)] = degDy = degU.

As L/Z is unramified, and T/Z is totally ramified one has LNT = Z. By
Lemma 2.4, T/Z is Galois. Hence, Lemma 2.2 implies:

M:Z] = [L:Z] - [T:Z] = degU -degC = degE.

This shows that M is a maximal graded subfield of E, cf. §2.1, hence also a maximal
graded subfield of D by (2.5).

Furthermore, if M = Ly is Galois (resp. normal) over Fg, L is Galois (resp.
normal) over F. As T is Galois over F by Lemma 2.4, we get that M is Galois
(resp. normal) over F. O

For a maximal graded subfield M of D, the field My need not be a maximal
subfield of Dy. We therefore modify M to enlarge the degree-0 part, starting with
the following observation:

Lemma 3.3. Let M be a maximal graded subfield of D. Then My is a mazimal
subfield of Dy if and only if M D Z and |I'y : T'z| = deg C. This is the case if MNC
is a maximal graded subfield of C.

Proof. If My is a maximal subfield of Dy then M O Z by definition of Z. Hence, we
assume M D Z throughout the proof. Then M is a maximal graded subfield of E.
We have

Mo : Zo] - [IT'm : I'z| = [M : Z] = degE = degU - deg C = deg Dy - deg C.
Hence, My is a maximal subfield of Dy (i.e. [My : Zy] = degDy) if and only if
‘FM . F2’ = deg C.

Suppose M N C is a maximal graded subfield of C. Then, since M C Cg(M N C),
by Lemma 2.4 we have I'y € I'cy(mnc) = I'mnc € I'm, hence [I'y : I'z| =degC. O

The following Proposition gives the “only if” implication of Theorem 3.1.

Proposition 3.4. Let M be a mazimal graded subfield of D and let T be a mazximal
graded subfield of C. Then M :== (M N Cp(T)) - T is a mazimal graded subfield of
D for which M{ is a maximal subfield of Dy.

Furthermore, if M is Galois (resp. normal) over F then M’ is Galois (resp.
normal) over F and M, is Galois (resp. normal) over F.

The proof relies on the following lemma:
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Lemma 3.5. Let A, B be graded subalgebras of D containing F such that A is a
graded field and B is contained in C. Define A’ := ANCp(B). Then A/A’ is totally
ramified and [A : A’ < [B: ANB]J.

Proof. Since B C C, one has U = Cp(C) € Cp(B) and Cp(B)y = Uy = Dy.
Thus, D is totally ramified over Cp(B). Hence i) A/A’ is totally ramified (for
Al = Ao NCp(B)o = AgN Dy = Ag), and ii) ['ar = Ta N Ty by Lemma 2.1(ii).
Since A is a graded field, we have A C Cp(A) C Cp(ANB). These together yield,

[A:AT=Ta:Ta|=[Fa:TanTeyel =ITa+Tope) : Feps)l
< |FCD(AQB) : FC’D(B)| < [CD(Aﬂ B) : CD(B)| = [B AN B] U

Proof of Proposition 3.4. By Lemma 2.4, T is Galois over F. Thus, by Lemma 2.2,
T is linearly disjoint from MNCp(T) over their intersection (MNCp(T))NT = MNT.
Hence, by definition of M’, we have [M' : M N Cp(T)] = [T : MN T]. Lemma 3.5,
applied with A = M and B = T, states that this dimension is > [M : M N Cp(T)],
and therefore implies the first statement. If M is maximal then clearly M’ is
maximal, and, since M’ contains T, M{ is a maximal subfield of Dy by Lemma 3.3.

Assume M is Galois (resp. normal) over F. The application of Lemma 3.5 above
also showed that M is totally ramified over M N Cp(T). Hence, by Lemma 2.3,
M N Cp(T) is Galois (resp. normal) over F. Since, by Lemma 2.4, T is Galois
over F , we get that M’ is Galois (resp. normal) over F. Hence, also Mj is Galois
(resp. normal) over Fy. O

Remark 3.6. For a graded subfield M of D which is not necessarily maximal, the
proof gives [M": F] > [M : F], where M’ := (M N Cp(T)) - T.

Theorem 3.1 is now proved, and we proceed to deduce Theorem 1.1 from it.

Corollary 3.7. Let F' be a Henselian field, and let D be a tame division algebra
with center F. The following are equivalent:

(a) D has a mazimal subfield Galois over F.

(b) D has a mavimal subfield Galois over F.

(¢c) D has a mazimal subfield Galois and tamely ramified over F.
Moreover, the list can be extended by the three conditions (a’), (b'), (¢') which are
obtained from (a), (b), (c) by replacing *Galois” with normal’.
Proof of Corollary 3.7. Trivially, (a), (b), (¢) imply (a’), (b'), (¢/) respectively, and
(¢') implies (a'). By [13, Lemma 3], (a’) implies (a). Since D is tame, Z(D)/F is
separable. Therefore, as was noted in [4, Prop. 14.2, p. 59|, also (¥') implies (b).
We will show (b) = (¢) and (a’) = (V'), then the proof is completed:
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(b) = (c): Suppose D has a maximal subfield Galois over F. As D is defectless,
by Proposition 3.2, gr(D) has a maximal graded subfield M that is Galois over F.
Let M/F be the tame lift of M/F over F' (cf. §2.5), i.e. the unique tame Galois
extension of F' with gr(M) = M. By the functoriality mentioned in §2.5, this M
is a maximal subfield of D.

(a') = (V'): Let M be a maximal subfield of D that is normal over F. Then
gr(M)/ gr(F) is normal (cf. §2.5). As D is defectless,

gr(M): gr(F)] = [M:F] = deg D = deggr(D),

showing that gr(M) is a maximal graded subfield of gr(D). By Proposition 3.4,
gr(D) has a maximal graded subfield M’ normal over F and such that M{ is a
maximal subfield of D = gr(D)y. By (2.4), Mj/F is normal. O

4. TAMELY RAMIFIED NONCROSSED PRODUCTS

4.1. Simple residue fields. It is a fundamental question to determine which
division algebras over a given field F' are crossed products. As a corollary to
Theorem 1.1 we obtain an answer when [ is Henselian and division algebras
over the residue field K := F are sufficiently well understood, e.g. when it is
of cohomological dimension 1, cf. [15, Chp. 3].

Corollary 4.1. Let F' be a Henselian field whose residue field K is a local field?,
real closed field, or satisfies cd G < 1, then every tame central division algebra
over F' is a crossed product.

Proof. By Theorem 1.1, it suffices to show that D has a maximal subfield which
is Galois over K := F. If cddGg < 1, then D = Z(D) is a field which, since D is
tame, is Galois over K. If K is a real closed field, then either K or K(y/—1) is
a maximal subfield of D which is Galois over K. If K is a local field then Z(D)
has extensions of arbitrary degree which are Galois over K, simply by composing
Z(D) with unramified extensions of K. This gives the desired result since over
local fields every field of degree deg D over Z(D) is a maximal subfield of D. [

Note that (i) if K is real closed the assertion can be proved directly without
using Corollary 4.1; (2) Examples of fields K for which ¢cd Gk < 1 include finite
fields, and by Tsen’s theorem [12, §19.4], function fields of curves over algebraically
closed fields.

4.2. Global residue fields. Let I' be the value group of the valuation on F'. We
consider next the simplest residue field K := F' for which noncrossed products

exist over F', namely when K is a global field, [3].

2We call a field local if it is a finite extension of Q, or F,((t)) for some prime p.
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The group TBr(F') is described by a generalized Witt theorem [1, Proposi-
tion 3.5] as a direct sum:

(4.1) TBr(F) 2 Br(K) & Hom(Gg, A/T) & T,

where G is the absolute Galois group, A is the divisible hull of I', and T is a
subgroup consisting of classes of totally ramified division algebras. Moreover, the
subgroup of TBr(F') corresponding to Br(K) & Hom(Gg,A/I') (resp. Br(K)) is
the subgroup of classes of inertially split division algebras (resp. inertial division
algebras), as described by Witt’s theorem [14].

For fixed x € Hom(Gg,A/T") and n € T, we call the preimage of y 4+ n under
(4.1) the fiber over x + 7. To describe the location of noncrossed products in
TBr(F), we ask which x and 7 the fiber over y + 1 contains noncrossed products?
This problem was answered in [6] and [5] for the inertially split subgroup, i.e. when
n = 0. In the following we combine Theorem 1.1 with the methods of [6] and [5]
to answer this problem for the entire group TBr(F).

To this end, we fix xy and n and let € be the fiber over y + 7. By Lemma 2.5,
7 = Z¢:= Z(¢) and e = e¢ := deg ¢/ deg¢ are independent of ¢ € €.

Note that Z/K is abelian, as division algebras in € are tame. If Z/K is cyclic,
we say that it is of infinite height if for every integer m, Z/K embeds into a cyclic
extension L/K with [L: Z] = m.

Theorem 4.2. Let Z'/K be the mazximal subextension of Z/K of order prime to
[ := char K. Then € consists of crossed products if and only if Z' /K s cyclic of
infinite height.

Moreover, we will show that if € contains one noncrossed product it contains
infinitely many of them.

Theorem 4.2 was known if € consists of inertially split division algebras by [6]
and [5]. Furthermore, [6], [5], prove the existence of index bounds which separate
crossed and noncrossed products in each fiber. We do not know if such bounds
exist in fibers which are not inertially split. Nevertheless, we prove that there is a
number m such that there are noncrossed product of every index dividing m in €
(Remark 4.7).

4.3. Residue classes, Galois covers, and their local degrees. For m € N,
let &, be the set of ¢ € € with degc = me, and &, (resp. €) the set of residue
classes of &, (resp. €). Note that by Lemma 2.5, af + ¢ = a? +¢ € Br(Z) for all
a € Br(K), c € Br(F). Hence, for any € &,
(4.2) ¢, ={a? + 3 :a € Br(K),deg(a? + f) = m}.
By Theorem 1.1 the following conditions are equivalent:

(An) €, consists of crossed products;

3The decomposition of TBr(F) is described in [1] on the level of primary components.
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(A,,) Every class in €,, has a splitting field L, Galois over K, with [L : Z] = m.
We call L D Z an m-cover of Z/K if L is Galois over K and [L : Z] = m. The
cover L is cyclicif L/K is cyclic. For a prime p of K, let K, denote the completion
at p and let [L : Z], := [Lgy : Zgynz] for any prime P’ of L dividing p.

Let § € Br(Z). Recall that for a prime B of Z, the degree degy (8 of B is
equal to its exponent expy . By the Albert-Brauer-Hasse-Noether theorem

(4.3)  Bissplit by L if and only if degy B |[L : Z]y for every prime 9 of Z.

This allows to translate (4,,) into conditions on the local degrees of covers, as
follows. Let dy(m) := m for every finite prime p of K, d,(m) = ged(m, 2) for every
real prime p of K which is unramified in Z, and d,(m) := 1 otherwise.

Let S be a finite set of primes of K. An m-cover L of Z has full local degree in
Sif [L: Z], =d,(m) for all p € S.

Proposition 4.3. Assume €, # (). There exists a finite set T of primes of K such
that (Bp,) = (Am) = (B),), where (B,,) and (B},) are the following conditions:
(Bm) for every S, Z/K has an m-cover with full local degree in S.

(BL,) for every S disjoint from T, Z/K has an m-cover with full local degree
in S.

Proof. (Bn) = (Ay): Let B € €, and S the set of primes p of K such that the
restriction of 5 to Zy is nontrivial for some prime B |p of Z. Applying (B,,) to
S, we obtain an m-cover L of Z with full local degree in S. By (4.3), L splits S,
as required.

(A,) = (B')): For every p|[Z : K], let pgp),pgp), ... be any enumeration of the
primes of K so that p"|[Z : K]Pﬁﬁ)l implies p" | [Z : K]pgp) for all i,n € N. Let T

be the set {p”, p® | p divides m}.

Let S be disjoint from 7 and B € &,,. Define S’ to be the subset of primes
p € S for which degy 8 < d,(m) for all P|p. Since S is disjoint from 7', we can
apply [5, Lemma 2.5] to obtain a class a € Br(K) such that dega? = m, and
degy a? = dy(m) for all p € S, P |p. Furthermore, the proof of [5, Lemma 2.5]
gives degyp a? =1 for all Plp,pe S\ 5.

Let v := o? + 3. Since expy 8 < expmaz = dy(m) for all P|p,p € 5, we
have degyy = expyy = dy(m) for all P |p,p € S'. For every p € S\ S’ there
is a prime ‘B |p, such that degy 8 = dy(m), and hence, as degy a? =1, one has
degyy = dy(m). Enlarging S, we may assume S’ contains a finite prime p and
hence that deg~y = degy v = m, where B |p.

By applying (A,,) to 7, we obtain an m-cover of Z/K which splits 4. Thus, by
(4.3), L has full local degree in S, as required. O

Remark 4.4. Assume €,, # (). The proof reveals that if (B/,) fails then there
are in fact infinitely many noncrossed products in €,,. Indeed if (BJ,) fails for
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S, it fails for every set S’ which contains S and is disjoint from 7. Since the
constructed v € €,, has nontrivial completions at primes of S’, there are infinitely
many v € &, for which (A,,) fails. Thus, there are infinitely many noncrossed
products in &,,.

4.4. Proof of Theorem 4.2. Set [ = char(K). We shall use the following lemmas:

Lemma 4.5. ([5, Lemma 2.12]) There is a finite set Sy such that every p"-cover
L with full local degree in Sy has abelian kernel A = Gal(L/Z), for which the
conjugation action of Gal(Z/Z") on A is trivial.

Lemma 4.6. Let p # | be a prime. There exists a finite set Sy disjoint from T
such that every p™-cover L of Z/K with full local degree in Sy contains a p"-cover
L of Z'/K.

Furthermore, if L has full local degree in a set S O Sy then so does L.

Proof. Let Sy be as in Lemma 4.5 and let B, = Gal(Z/Z"). Let A; = Gal(L/Z").

Since |A| and |B;| are relatively prime, the group extension
1-A— A —-B —1

is split by the Schur-Zassenhaus theorem. Since B; acts trivially on A, A; =
A® B, with B, =~ B,. In particular, A; is abelian. Letting G = Gal(L/K) and
B = Gal(Z'/K) the group extension 1 - A; - G — B — 1 induces an action of
B on A;. Being a characteristic subgroup of A, B, is B-invariant, hence normal
in G. The fixed field L' C L of B, is then a cover of Z’ /K with associated group
extension

1 —>Al/l§l — G’/Bl — B — 1.

Since A;/B, = A it is a p"-cover.
Full local degree in S is inherited from L since the completions of L' and of Z
are linearly disjoint over a completion of Z’. 0

Proof of Theorem 4.2. Fix 8 € € and let m = deg 3. By (4.2) we see that €, # ()
for every m|m/. For a prime p # [, let p* (resp. 2™ if p = 2) denote the number
of p-power (resp. 2-power) roots of unity in Z (resp. in Z(y/—1)).

Assume Z’/K is cyclic of finite height or noncyclic. We first claim that there is
a prime p for which (B),) fails for all sufficiently large n. Assume first that Z'/K
is noncyclic and let p # [ be a prime for which the p-Sylow subgroup of Gal(Z/K)
is noncyclic. By [5, Proposition 3.3, (B,.) fails for all n > 2s,, if p is odd and for
n>2(ry+2)ifp=2.

Assume next that Z’'/K is cyclic of finite height, and fix m € N such that 7’/ K
has no cyclic m-cover. We can further assume that m is a prime power. Indeed,
writing m = Hp p", p prime, if there are cyclic p"-covers for all p|m, their
composite gives a cyclic m-cover of Z’/K. Let m = p™ and let n > n,+s,+1. By
[6, Theorem 6.4]*, there is a set S disjoint from T, such that Z’/K has no p"-cover

4f Z' /K is non-exceptional we can choose n :=n, + s, + 1, see [6].
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with full local degree in S. By Lemma 4.6, there is a finite set Sy such that Z/K
has no p"-cover L with full local degree in Sy U S. Hence, (B,.) fails, proving the
claim.

Fix an n for which (B,.) fails and such that p" is at least the largest p-power
dividing m. Letting m’ = lem(m, p"™), by Lemma 4.5 every m/-cover with full local
degree in a set S O Sy has an abelian kernel and hence contains a p”-cover with
full local degree in S. Hence, (B! ) fails. As €, # 0, Proposition 4.3 implies that
(Apy) fails.

Conversely, assume that Z’/K is cyclic of infinite height. By [6, Theoerem
6.3], for every m prime to [, Z'/K has an m-cover with full local degree. Taking
composites with Z, we get that (B,,) holds for every m prime to I. By [5, Lemma
2.10], (Bj») holds for all n. Taking composites, we see that (B,,) holds for all
m € N. Thus, by Proposition 4.3, (4,,) holds for all m. O

Remark 4.7. Assuming € does not consist of crossed products, the proof reveals
that there is p™ € N, p prime, such that (A,,) fails for every m € N with &, # ()
and p™ |m. By Remark 4.4, for such m, €,, contains infinitely many noncrossed
products. If the p-Sylow subgroup of Gal(Z/K) is noncyclic and p # [, we can
choose n, = 2s, + 1 if pis odd and ny = 2(ry +2) + 1 if p = 2. If Z’'/K is cyclic
with no cyclic pr-cover, we can choose n, = k, + s, + 2.
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