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Abstract

The Fibonacci sequence is the well-known recurrence sequence with initial values Fy = 0
and F} = 1, ansatisfying the recurrence relation F,,o = F,,.1 + F),.

A long standing question, answered affirmatively by Cohn in 1964, is whether the
only perfect squares in the Fibonacci sequence are 0,1 and 144. His elementary proof
also identified all the elements in the sequence which are twice a square, and solved
the same problems for the related Lucas sequence, defined by Lo = 2, L1 = 1 and
L, = L, 1+ L, 5. The higher degree equations F,, = 2P and F,, = 2P &+ 1 in the
Fibonacci numbers were solved by Bugeaud, Mignotte and Siksek. All these equations
turned out to have only finitely many solutions. Recent work by Voutier bounded the
number of perfect squares in various other rank-two recurrence sequences'. All these
questions fall within the subject of Diophantine equations in recurrence sequences.

In the first part of this work, we continue the study of Diophantine equations involving
the rank-two recurrence sequences. Given a recurrence sequence r, with a Fibonacci-like
recurrence relation, we describe all the rational functions ¢(z) € Q(z) for which there are
infinitely many solutions (n,z) € Z x Q to the equation r, = ¢(x). A particular example
of interest is the Fibonacci sequence, for which, despite the aforementioned finiteness
results, there exist such ¢(x) whose image contains infinitely many Fibonacci numbers.

In the second part of this work, we consider the problem of reducibility at ele-
ments from a rank-two recurrence sequence. Given an polynomial P(t,z) € Q(t)[z] with
deg, P > 2 and a rational number ¢, € Q, we consider the specialization of P at ¢y,

namely the polynomial P(ty,z) € Q[z]. If P(t,x) is irreducible over Q(¢), then the spe-

'Recall that the rank of a recurrence sequence is the number of previous elements involved in its
recurrence relation.
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cializations P(to,z) € Q[z] may or may not remain irreducible over Q. For instance, if
P(to,z) € Q[z] has a rational root € Q, it must factor as a product of a linear term
and another polynomial. We can thus regard the reducibility of a specialization P(tg,x)
(i.e., reducibility of P at t;) as a weaker version of solvability. Accordingly, for a given
Fibonacci-like recurrence sequence 7, we are also interested in identifying the irreducible
polynomials P(t,z) € Q(t)[x] for which P(r,,z) € Q[z] is reducible for infinitely many
elements from r,. In the second part of the work we address precisely this problem.

A more basic question was answered by Pierre Debes in the case of the geometric

" which is a rank-one recurrence sequence. In this case, the excep-

sequence G, = «
tional polynomials — i.e., those with infinitely many reducible values in the sequence —
were characterized geometrically: They are exactly those which pull back to a reducible
polynomial when pulled back along x +— 2P or x +— —42*.

An enlightening persepective on this question comes from the study of universal
Hilbert sets. These are sets U C Q which satisfy the property that any irreducible
polynomial P(t,z) € Q(t)[x] has finitely many reducible specialization P(u,z) € Q[x] for
u € U. Many recurrence sequences are known to form universal Hilbert sets. However,
the elements of various rank-two recurrence sequences — and in particular, the elements
of the Fibonacci sequence — do not form a universal Hilbert set. Despite this, we show
that this failure of universality is limited and occurs only for polynomials satisfying a

geometric condition unique to rank-two sequences. Specifically, whenever P(t,z) pulls

back to a reducible polynomial along certain rational functions.
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Chapter 1: Introduction

The Fibonacci numbers are the quintessential example of a recurrence sequence, defined
by the initial values Fy = 0, F} = 1 and the recurrence relation Fj, o = F,, 11 + F,.
In this M.Sc. thesis, we study the intersection of the Fibonacci numbers (and similar

recurrence sequences) with two arithmetically defined sets:

1. the set of values ¢(K) attained on elements of K, and

2. the set of reducible values Redp(K) of an irreducible polynomial P(¢,z) € K(t)[x],

that are those values ty € K such that P(tg,z) € K|x] is a reducible polynomial,

where K is some number field. We address each problem separately in the following two
sections.

Before discussing these two problems, let us recall the principle of unlikely intersec-
tions. We begin with a central example. Set Y = {((,7n) : (,n € poo} the set of points in
A% with coordinates which are roots of unity. Looking for curves X = {f(x,y) = 0} C A
which intersect (i.e., contain) infinitely many points from ), Lang shows [1] that such X
must be special: X must have the form z%® = p or 2% = y’p for some positive integers
a,b and p a root of unity. These curves are precisely the cosets (shifted by a root of
unity) of algebraic subgroups of G2(C) = {(z,y) | z,y € C*}. For such special f(z,y),
the curve X = {f(x,y) = 0} always contains infinitely many points from ).

More generally, for a fixed r < n, let Y be a set of “special” algebraic varieties ¥ C A"
of low dimension dim(Y’) < r. Here, “special” conveys that the collection ) has some
arithmetic (but not algebraic) nature. In such cases, one should expect for a generic
X C A" of low dimension s < n — r, that very few, if any, Y € ) will intersect X. Thus,

X’s which intersect “a lot” of Y’s must be special, in some sense, with respect to the

1
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family ). Such unlikely intersections typically arise for “special” varieties X that reflect
some geometric property intrinsic to the family ). This is the aforementioned principle
of unlikely intersections.

Both of the sets we are interested in, ¢(Q) and Redp(Q), are quite sparse sets of
arithemtic nature. Following the principle of unlikely intersections, we suspect that except
for some special ¢’s and P’s, the intersection of these sets with a given recurrence sequence
should be very small, i.e., finite. We follow this suspicion for both cases and for various

recurrence sequences, and determine when is it correct.

1.1 Recurrence sequences as values of rational func-
tions

Results on the subject of Diophantine equations involving Fibonacci numbers have started
with the work of Cohn [2] in 1964, which proved the long-standing conjecture that the
only integer solutions (n, ) to the equation F,, = 22 have F}, = 0,1 or 144. He likewise
described all the finitely many solutions to the equation F, = 22 and the equations
L, = 2? and L,, = 222 involving the Lucas sequence, which is given by Ly = 2, L; = 1, and
Lo = Ly + L,,. Further works [3] [4] continued this line of research, and managed to
describe all the — again, finitely many — Fibonacci numbers which are either perfect powers
or are one away from a perfect power. More recent results [5] have managed to bound the
number of perfect squares which appear in various other rank-two recurrence sequences
(i.e., those sequences in which each element depends on the previous two elements).
Questions of this nature are part of the subject of polynomial exponential Diophantine

equations, which is concerned with equations of the form

T T2 Tr\
P(zy,x9,. .., 2, a7 a5%, ...,a0") =0
for a fixed P € Qlzy, ...,z y1,...,y,] and fixed complex numbers a1, ..., «,, and whose
solutions 1 = a4, ..., 2, = a, are required to be integers or rational numbers. Particular
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interest exists for such equations — which we may call separated — in which the dependence
on each of the variables x; is either entirely algebraic or entirely exponential. More
precisely, those equations in which at least one of the z;’s or the y;’s does not appear in
P(xy, ..., 2001, .., y,) for each 1 <i <r.

Recall that a linear recurrence sequence over a field K is a sequence (r,,),cz satisfying
a recurrence relation of the form r, = >, a;r,—; for fixed a4, ...,a, € K. In this work
we shall consider sequences which extend infinitely in both the positive and the negative
direction. We call r the rank of the recurrence, and the polynomial p(z) = 2"=>""_| a;a" "
the characteristic polynomial of the recurrence. Assuming the recurrence is simple (that
is, that the characteristic polynomial has only roots of multiplicity one), it is well known
that the vector space of sequences (r,,),cz satisfying a fixed recurrence relation is spanned
by the sequences (a"),ecz, where « is a root of the characteristic polynomial. Indeed, our
central example, the Fibonacci sequence, satisfies a simple recurrence relation of rank-two

145

> — (=¢)™), where ¢ = “52 is the golden ratio. In

and can be written as F, = —=(¢"
this case, the roots are ¢ and —p~!. When the roots have larger multiplicity, we may
have a polynomial dependence on n, as well as an exponential one. (For example, a,, = n
is a solution to the recurrence equation a,.1 = 2a, — G,_1).

A problem of interest in the subject of polynomial exponential Diophantine equations
is that of polynomial values in a (simple) recurrence sequence, which deals with solutions
(n,z) € Z x Q to equations of the form r, = g(x), for some fixed g(z) € Q[z], and some
fixed (simple) recurrence sequence r, = y ., A;af with roots «; € C, and coefficients
A; € C. Such equations are examples of (separated) polynomial exponential Diophantine
equations. For example, [6] treats polynomial equations in recurrence squences with
integral roots.

If we take r,, to be any recurrence sequence, then for any polynomial g(x), the sequence
Sn = g(r,) will also be a recurrence sequence, usually of a much higher rank. For this
sequence, the equation S,, = g(z) will clearly have infinitely many solutions. However,

we can see that even for some low rank sequences, there may be infinitely many solutions

to such equations. The Fibonacci numbers, to name an example, satisfy the following
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identity: Fy, = 5F? + (—1)"3F),, and hence, in particular, they contain infinitely many
rational values of the polynomials g(z) = 52° + 3z and g(z) = 52° — 3z.

Nemes—Petho [7] described all the polynomials f(z) € Z[z] which attain infinitely
many elements of a given rank-two recurrence sequence in their set of integer values
f(2), and Ostrov—Neftin—-Berman—Elrazik [8] have extended the description to functions
taking values in Q.

In the first part of this thesis work we are interested in describing all the rational
functions ¢(x) € K(zx) that attain infinitely many elements from a given recurrence
sequence in their image ¢(K'). This both continues the line of work described above, and
resolves the unlikely intersections suspicion we opened with.

To present our results, recall that the Dickson polynomial D, 4(z) € Q(«) of degree d €
N with parameter « is the unique degree-d polynomials that satisfies Dy 4(z+a/x) = 29+
ad/z?, and the Rédei function of degree d € N and parameter § is Rsq(z) = 5 ' (us(x)?) €
Q(62))(x), where us(x) = (x +9)/(x — ). We denote by n°*(z) = n(n(...(n(x))...))
is the k-fold composition. Our results in the special case of the Fibonacci sequence are

given in the following theorem:

Theorem 1.1. Suppose that ¢(x) € Q(z) is a rational function of degree d > 2 that
attains infinitely many Fibonacci numbers in its image, that is, #((Q) N {F,}) = oc.

Then either

e d is odd and ¢(x) = (£5)" V2D 5 4(0(x)) for some degree one rational map
U(z) € Q(x), or

e dis even and ¢(x) = qil(nOk(R\/g’d/z(é(x)))) for some 0 < k < d/2 and some degree

one rational map ¢(x) € Q(x),

where n(x) =5(x+1)/(x+5), ¢_1(z) = (2* —2x+5)/(2*—5) and q1(x) = —4z/(z*—5),
and where we take the signs to be —1 if p(Q) meets infinitely many even-indexed Fibonacci

numbers, and to be +1 if it meets infinitely many odd-indexed Fibonacci numbers.

Our examples from earlier, with g(z) = 52® + 3z are instances of the first case given

in the theorem. Each of the functions mentioned in the theorem indeed attains infinitely

4



Introduction

many Fibonacci numbers in its image. For example, for the even Fiboancci numbers, we

have the identities

Fong = (_5>7(d+1)/2D75,d(5F2n)

for any odd d, and

R Loy, +2
Fonayor = 1(n k<R\/5d(2F—2)))

for any d € N. Similar identities exist for the odd-indexed Fibonacci numbers.

We prove a version of this result for rank-two recurrence sequences which satisfy a
recurrence relation of the form r, .o = ar,,1 — (r, for some m-th root of unity . We
begin by finding a family of curves Vg, ..., V,,_1 such that every element in the sequence
appears as the z-coordinate of a rational point on one of these curves. If a rational map
¢ attains infinitely many elements from the sequence, the pullback of one of these curves
along ¢ must have infinitely many integral points. We then apply Siegel’s theorem on
integral points on curves to narrow down the range of possibilities for ¢, and then study
the ramification of ¢ until we reach the explicit description given in the theorem. The

proof appears in Chapter 3.

1.2 Recurrence sequences as reducible values of poly-
nomials

Let P(t,z) € Q(t)[z] be an irreducible polynomial. Hilbert studied how often the spe-
cializations of such P(t,x), namely the polynomials P(ty,z) € Q[z] for various ¢y, € Q,

remain irreducible. Let
Redp(Q) = {to € Q| P(to,z) € Q] is undefined or reducible}

denote the set of reducible values of the polynomial, sometimes called the set of special
values of P(t,z). We remark that this definition also includes the finite set of undefined

values, consisting of ¢y’s which appear in the denominators of the coefficients of P(¢,x).
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However, this is not an issue for our purposes, as our interest lies in infinite subsets of

this set which would surely contain infinitely many reducible and defined values.
Hilbert’s celebrated irreducibility theorem states this set is a thin set, as per the

following definition due to Serre. Recall the a covering map of curves is a non-constant

morphism.

Definition 1.2. A set S C PY(Q) is a thin set if we can write it as a union
S=Ja:(ViQ)UF,

for some finite set F' and for some finite list of (smooth, geometrically irreducible projec-

tive) curves V; with covering maps ¢; : V; — P' of degree > 2.

The name “thin” is not misleading: There are O(v/H) rational numbers of height at
most H in a given thin set, where we define the height H(p/q) of a rational number in
reduced form to be max(|p|, |q|).

We now flip the script on Hilbert’s irreducibility theorem. Fix some “sparse” and
“special”! set U C Q of rational numbers, and consider the sets Redp(U) = Redp(Q)NU
as the irreducible polynomial P(¢, z) varies. For example, fix U to be the set of elements in
a particular recurrence sequence. In the spirit of unlikely intersections, Hilbert’s theorem
suggests that these sets should be quite small, as they are the intersection of a thin set
with an unrelated sparse set.

In many cases this claim turns out to be very much true! For example, if U =
{2" +5" | n € N}, then Redp(U) is finite for every irreducible polynomial P(t,z) [9].
More generally, such sets U for which Redp(U) is finite for all the irreducible polynomials
P(t,z) € Q(t)[z] are known as universal Hilbert sets*, and have been studied from various
angles [6] [10] [11] [12]. However, not all recurrence sequences give rise to universal Hilbert
sets. For instance, the elements of the geometric sequence GG,, = o™ fail to form a universal

Hilbert set, as we can see by the fact that Red,2 ({G,}) D {G2,} is an infinite set.

'The quoted words should be taken to have an intuitive, informal meaning.

2The name originates from the fact that these sets serve as proofs of a weaker form of Hilbert’s
irreducibility theorem, which simply states that for every irreducible polynomial there are infinitely
many irreducibe values.



Introduction

A theorem by Debes [13] provides a full description of the failures to universality for
the geometric sequence. For an irreducible polynomial P(t,x) € Q(t)[z] let Xp be the
(projective) curve defined by P(t,z) = 0 (by which we mean a projective model for the
variety defined by the roots of P(¢,z)), and let 7, : Xp — P! be the projection to the z-
coordinate. Fix a € Q\{0,1, —1}. Then the irreducible polynomials P(t, z) € Q(t)[z] that
are reducible at infinitely many elements from the sequence {a} are only those for which
7, factors either as m, = a/zP o7’ for some prime p, some j < p and some map 7' : Xp —
P!, or m, = —4a’/z*on’ for some j < 4 and for some 7’ : Xp — P!, Here, the first factors of
each map are given in affine coordinates. More recent work by L. Bary-Soroker et. al. [14]
provided density 0 results (conditional on the Generalized Riemann Hypothesis) in the
multivariate case f(t1,...,t.,x) € Q[t,...,t,, x|, barring some exceptional polynomials.
More precisely, they showed that for fixed aq,...,a, € Z\ {0,1,—1}, the polynomial
fai*, ... a, x) remains irreducible in Q[z] for almost all® ni,...,n,, unless X; pulls
back to a reducible cover along a map of the form (¢y,...,¢.) — (¢I",...,t'). We can see
that in both of these results the exceptional polynomials can be described in a geometric
fashion. This aligns with the principle of unlikely intersections discussed earlier.

As with the geometric sequence, the Fibonacci sequence and other rank-two recur-
rence sequences do not always give rise to universal Hilbert sets. We already saw a
counterexample to universality of the Fibonacci sequence in the previous section: the
identity Fg, = 5F3 + 3F3, shows that the polynomial P(t,z) = 523 + 3z — ¢ will have
infinitely many reducible specializations with ¢ in the Fibonacci sequence.

In the second part of this work we show that — just as is the case for the geometric
sequence — the counterexamples to universality of rank-two recurrence sequences can be
described geometrically, as in the following theorem for the special case of the Fibonacci
sequence. As in the previous theorem, we denote n(z) = 5(x + 1)/(z + 5), q1(z) =
(z* — 204 5)/(2* = 5) and q_1(z) = —4x/(2* — 5), and let R s () stand for the Rédei
functions with parameter v/5. Moreover, for a pair of maps ¢ : V — P! and ¢ : W — P!,

we let ¢*¢) stand for the pullback map V xp1 W — V.

3Here, almost all is taken to mean that the proportion of such tuples in [N, N]" approaches 1 as N
goes to infinity
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Theorem 1.3. Suppose that P(t,x) € Q(t)[x] is an irreducible polynomial of odd z-
degree d = deg, P > 3, such that the specializations P(F,,x) € Qlx] are reducible for
infinitely many Fibonacci numbers F,,. Let Xp be a projective model of variety defined by
P(t,z) =0, and denote by 7, = mp, : Xp — P! the projection to the x-coordinate. Then

either
o 7, factors as (£5)"P*V/2D s on’ for some prime p|d and some ' : Xp — P, or

e ¢t m, factors as n* o Rz, 0 7' for some prime p|d, some 0 < j < p and some

7 Xp — P,

where we take the signs to be —1 if P(t,x) is reducible at infinitely many even-indezed
Fibonacci numbers, and +1 if it is reducible at infinitely many odd-indexed Fibonacci

numbers.

If P(t,z) is a counterexample to universality (i.e., P(F,,x) is reducible for infinitely
many n’s), then so must P(t,z) = P(t, A(t,z)) be, for any A(t,z) € Q(t)[z]. When
considering the projections wp, and 7p , to the z-coordinate, as in the theorem, we can
see that 75, = Tp, 0 A, where A : (t,z) — (t,A(t,z)) € Xp. Thus, our theorem must
allow for the arbitrary factor 7’ (here seen explicitly as fl) to appear in the result.

For each of the possibilities for the factorization of 7, mentioned in the theorem there
is a polynomial P(t,z) that satisfies the conditions of the theorem and for which ,
factorizes in the prescribed fashion. This can be seen from the fact that all the functions
stated in Theorem 1.1 indeed attain infinitely many Fibonacci numbers in their image.
More precisely, we take P(t,z) = f(z) — tg(z), where ¢(x) = f(z)/g(x) is one of the
functions mentioned in Theorem 1.1.

We prove the theorem for the more general case of binary recurrence sequences sat-
isfying a recurrence relation of the form r,,o = ar,.1 — (r,, where ( is an m-th root of
unity. We begin by applying Hilbert’s irreducibility theorem to show that there exists
some map ¢(z) that attains infinitely many elements from the sequence, and for which
P(¢(z),z) is reducible over Q(z). We then use the classification obtained in Chapter 3,

along with variants of the Grunwald-Wang theorem proven in Chapter 4 to show that
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the projection must factor through a Dickson polynomial, or that the pullback by some
q; must factor through a Rédei function. This is done in Chapter 5.

Besides the proofs of the two theorems hereby presented, which occur in Chapters
3 and 5, respectively, Chapter 2 cites and proves the necessary algebraic and number
theoretic preliminaries needed for the proofs, and Chapter 4 discusses reducibility results
for the Dickson polynomials and the Rédei functions which are useful in the proof of

Theorem 1.3.






Chapter 2: Preliminaries
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Preliminaries

2.1 Group theory

Let Z,, denote the cyclic group of order n, and AGL;(Z,,) = Z,, x Z} the group of one-
dimensional affine linear transformations over Z,, also known as the holomorph of Z,,.
Since AGL;(Z,) consists of affine linear transformations over Z,, we use the notation
x +— ax + b or simply az + b to denote the element (b,a) € AGL;(Z,,). In this notation,
the group multiplication corresponds to functional composition. Moreover, Z, x 1 is
the subgroup of elements of the form = + b and 0 x Z* is the subgroup of elements
of the form ax. We have a natural action of AGL(Z,) on {0,...,n — 1} given via
(b,a) -k = (ax +b) -k = ak +b mod n. We will often implicitly think of this action
when considering subgroups of AGL;(Z,), and thus call H C AGL;(Z,) an (in)transitive
subgroup if H acts (in)transitively on {0,...,n — 1}. For example, the subgroup Z,, x 1

1s transitive.

Proposition 2.1. Write n = p{'p5? - - - pi*, where p1,...,py are distinct primes. Then
AGLy(Z,) =TI, AGLy(Z,2). Moreover, the action of AGLy(Z,) on Z,, commutes with

the action of the product on [[Z,,e; = Z,, along this isomorphism.

Proof. Indeed, every element ax + b = (b,a) € AGL;(Z,,) determines an element in the
product ((b mod p;*,a mod pf))zzlr By the Chinese Remainder Theorem, every
such tuple comes from a unique element modulo n. Since the isomorphism consists only
of taking remainders, it clearly commutes with the action which is defined by modular

multiplication and addition. O

Lemma 2.2. Let p be a prime. A non-identity element ax + b € AGL(Z,) satisfies

exactly one of the following:
e a# 1, and ax + b has a single fized point, or
e ar +b=x+0b has no fized points, acts transitively, and generates all of Z,, x 1.

Proof. Suppose a # 1, then 1 —a € Z) is invertible, and the unique solution to the

equation aX +b = X is X = (1 —a)™'b. If a = 1, for a non-identity element we must

11
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have b # 0 in which case x — = + b has no fixed points. Since Z, x 1 is of prime order,

x + b generates all of it. O]
Lemma 2.3. The only subgroup of AGL1(Z,) of order p is Z,.

Proof. We first note that p divides # AGL;(Z,) = p(p — 1) exactly once. All p-Sylow
groups are conjugate. However, Z, is normal in AGL;(Z,), hence it is preserved under

conjugation. O
Lemma 2.4. A subgroup H C AGL4(Z,) is transitive if and only if Z, x 1 C H.

Proof. Since Z,, x 1 is transitive, the “if” direction is obvious. Let us prove the “only if”:
Since H has a single orbit of size p, by the orbit-stabilizer theorem p | #H. It’s p-Sylow
subgroup will be a p-Sylow subgroup of AGL;(Z,), and the only subgroup of AGL;(Z,)

of order p is Z, O]

Lemma 2.5. Let p be a prime, and suppose H < AGL4(Z,) is intransitive, then H is

conjugate to a subgroup of 0 x Z;.

Proof. The order of H must not be divisible by p, since if it was, its p-Sylow subgroup

would be Z, x 1, but this is a transitive subgroup. Now, consider the representation

a b
H — End(Fg) given by ar + b — . This representation has a one dimensional

0 1

subrepresentation F, x 0. Since p f#H, this subrepresentation must have a direct com-

Q@
plement U = span , where 8 # 0. Therefore, for any element ax + b € H there
g
a b « ca
exists some ¢ such that = . Since in the second component we have
01 15} cf

that g = ¢f, we must have ¢ = 1. Thus, aa + b5 = «. Since [ # 0, we can rewrite that

as a% +b = %. Therefore, < is a shared fixed point of all the elements of H. Conjugating

3
by g =2+ %, we can see that g7 Hg C stab(0) = 0 x Z;. O]

Given m | n, let ¢um : AGL1(Z,) = AGLy(Z,,) denote the mod m projection. We

will also (sometimes implicitly) consider the action of AGL;(Z,,) on {0,...,m — 1} that

12
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factors through g, ,,, and the usual action of AGL;(Z,,). In the same fashion as earlier, we
shall call a subgroup H < AGL;(Z,) (in)transitive modulo m if ¢, ,,(H) is (in)transitive,

i.e., acts (in)transitively on {0,...,m — 1}.

Lemma 2.6. Let p be an odd prime, k > 1, and H C AGL(Z,x) be a subgroup of G.

Then the following are equivalent:
1. H acts transitively on {0,...,p* — 1},
2. e ,(H) C AGL1(Z,) acts transitively on {0,...,p — 1}, and

3. there exists an element of the form axr +b € H where a = 1 mod p and b # 0

mod p.

Proof. Lemmas 2.4 and 2.2 show that (2) is true if and only if (3) is, and clearly, (1)
implies (2). We shall prove that (3) implies (1) by induction on k. For k£ = 1 this is trivial.
Suppose k > 1, and that the implication is true for £k — 1. By our assumption there exists
an element h = ax + b € H such that a =1 mod p and b # 0 mod p. We claim that
h generates a transitive subgroup of AGL;(Z,). To see this, we consider the orbit of 0.
First, we show that g = h? acts transitively on the set {0,p,...,p" — p} of multiples of
p. Write g = a’r+ (1+a+---+a")b=Ar+B. Since B=1+1+---4+1=0
mod p, it’s clear that ¢ sends the set of multiples of p to itself. More generally we
can see that g preserves residue modulo p. Further, observe that the action of g on
the multiples of p is isomorphic to the action of Az + % € AGL;(Zye-1) on {0, ... ,pF 1}
A(kp)+B = p(Ak—i—%). Now, by our induction hypothesis, to show that g acts transitively
it suffices to show that A =1 mod p and % # 0 mod p. Thus, we compute A mod p
and B mod p?. Clearly, A = a? =1 mod p. Now, write @ = 1 + pa. Then a’ = 1 + ipa
mod p?>. Hence B= (1+1+pa+1+2pa+---+1+(p—1)pa) =p+ (g)poz mod p?.
Since for any odd p, we have p]| (12’) =p- ’%1, we can see that B mod p? = p. Thus,
g = h? is transitive on the set of multiples of p.

Lastly, observe that A’ -0 = ¢ mod p. Since g commutes with h?, the orbit of hi0

under g must be of size p*~! as well, and since g preserves the residue modulo p, the orbit

13
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must be the entire class. Recalling that ¢ = AP, and running through ¢ =0,...,p — 1 we

can see that the orbit of 0 under A must be all of Z,x, as desired. O
Remark 2.7. The dihedral group Dy = (r, s | 7 = s? = rsrs = 1) is isomorphic to AGL,(Z,)
via the isomorphism r — x + 1 and s — —x.

Proposition 2.8. The only transitive proper subgroups of AGLi(Z4) are Zy x 1 and

(x +2,—x + 1).

Proof. Any such subgroup must be of order at least 4 (and smaller than # D, = 8). These
subgroups are clearly transitive. The only other subgroup of order 4 is (z + 2, —x), for

which the orbit of 0 is {0, 2}. O

Proposition 2.9. Any subgroup of AGLi(Z,) is either transitive, intransitive modulo

2, or is conjugate to (—x + 1), and these options are mutually exclusive.

Proof. Among the subgroups of order 4, the subgroups (r + 1) and (z +2,—x + 1) act
transitively, while (x 4+ 2, —x) acts intransitively modulo 2. Among the subgroups of
order 2, the subgroups (z + 2), and (—x) are intransitive modulo 2, while the subgroups
(—x £ 1) are both intransitive, transitive modulo 2, and conjugate among themselves (via

—z). [l

Proposition 2.10. Let k > 2, and let H C AGL{(Zyr). Then the following are equiv-

alent:
1. H acts transitively on {O, 2k — 1},
2. qor 4(H) C AGL1(Z4) acts transitively on {0,1,2,3}, and
3. H contains either

e an element of the form ax 4+ b where a =1 mod 4 and 2 Jb, or

e two elements of the form ax +b,cx+d € H such that —a=b=c=1 mod 4
and d =2 mod 4.

14
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Proof. Again, the equivalence between (2) and (3) is clear from Proposition 2.8, and the
implication (1) implies (2) is clear.

We will prove that (3) implies (1) by induction, similar to the odd prime case. For
k = 2, this follows from Proposition 2.8. Let k£ > 2, and assume that the implication
holds for &k — 1.

We start by treating the first case, for which there is an element h = ax +b € H with
a=1 mod 4 and 2 /b. As in the odd prime case, we claim that this element generates
a transitive subgroup. We first show that ¢ = h* acts transitively on the multiples of 4.
Write g = a*r +(1+a+a®>+a®)b=Ar+ B. Then B= (1+1+1+1)b=0 mod 4, and
thus g preserves the set of multiples of 4. As in the odd prime case, we can see that g acts
on {0,4,...,2¥ — 4} isomorphic to how Az + £ acts on {0,...,2572}. Thus, to use the
induction hypothesis it suffices to show that 2 /(B/4). Write a = 1+4q, then o’ = 1+4i«
mod 8. Now compute B = (1 + (1 +4a) + (1 + 8a) + (1 + 12c))b = 4b + 32ab = 4b
mod 8. As 2 /b, we find that 2 /(B/4) as desired. We finish the argument similarly to
the odd prime case by observing that h acts transitively modulo 4.

Now, for the second case, suppose that h; = ax + b and hy = cx + d are as in the
theorem. Since 2 | d, we have that hy acts on the set {0,2,...,2% —2}. By a similar
fashion to the previous arguments, this action is isomorphic to the action of cx + g on
{0,...,2"1 —1}. Since ¢ =1 mod 4 and 2 f(d/2), using the induction hypothesis on
the first case with k — 1, the subgroup generated by hy acts transitively on the multiples
of 2. All that is left in order to finish is to observe, again, that ax + b is transitive

mod 2. O

Lemma 2.11. Let H be a group acting on two finite sets A and B such that (#A, #B) =

1. Then H acts transitively on A X B if and only if it acts transitively on both A and B.

Proof. The only if part is obvious. Now, let (a,b) € A x B be any element in the product.
Observe that stab(a,b) = staba Nstabb. Since H acts transitively on both A and B, we
have that stab a and stab b are of indices #A and #B in H respectively. Their intersection
must have index divisible by lem(#A, #B) = #A - #B. However, by the orbit stabilizer
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theorem, this index can be at most the size of the orbit of (a,b), i.e., at most #A - #B,

thus we have equality. O]

Lemma 2.12. Suppose H C AGL4(Z,,) acts intransitively on Z,,, then either g, ,(H)
acts intransitively on Z, for some p|n (and is thus conjugate to a subgroup of 0 x Z5),

or4|n and ¢,4(H) is conjugate to (—x + 1).

Proof. Indeed, apply the previous lemma inductively to the Chinese remainder decom-
position given in Proposition 2.1, and conclude using the results of Lemmas 2.6, 2.10
and Proposition 2.9, which treat the odd prime components, the 2-component, and the

special case of 4, respectively. O
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2.2 Field Theory

We provide some preliminary background material from field theory. For a more in depth
overview of this matrial, see [15]. Throughout this section, we let K be a characteristic-

zero field.

A general degree-one function ¢(x) € K(z) has the form %. Given a 2 x 2 invertible

a b

matrix we can map it to a corresponding degree one function

c d

ax+b
cr+d’

We may some-

a b

times call the matrix a matrix form of the function

c d

invertible matrices up to scalar multiplication to a unique degree one function. Moreover,

ar+b
cx+d’

This mapping sends
this map satisfies the property that the product of two matrices is mapped to the compo-
sition of the corresponding functions. Phrased differently, this map factors through the

group isomorphism PGLy(K) = {degree-one functions over K with composition}.

Proposition 2.13. Let L be a Galois extension of K. Suppose a rational function

o(x) € L(x) is fized under the action of Gal (L/k). Then ¢(x) € K(x).

Proof. Write ¢(x) = ep(z)/q(x), where p(x) and ¢g(x) are relatively prime monic polyno-
mials with coeffiecents in L. The roots of ¢(z) are the same as the roots of p(x), which
are, by the hypothesis, the same as the roots of o¢(x) which are the roots of op(x) for any
o € Gal (£/k). Since p(x) is monic, this implies p(z) = op(x). By the same logic applied
to the poles of ¢(x), we find that ¢(x) = og(z). Lastly, the equalities ¢(x) = o¢(z) and

p(z)/q(x) = o(p(x)/q(x)) imply that ¢ = oc for any ¢ € Gal (L/k), i.e., that c€ K. O

A rational function f(z) € K(z) induces a map P'(K) — P!(K), in which the poles
of f are sent to infinity, and the value at infinity is the same as the value of 0 under

f(1/x). Henceforth we identify this map with f itself.

Definition 2.14. Given a rational function f(x) € K(x), the set of finite ramification
points of f is the set of points in K where f'(x) = 0. We say that f is ramified at

infinity (and consider infinity as a ramification point) if f(1/x) is ramified at zero. The
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set of branch points is the image of the set of ramification points under f. If a is a
ramification point of f, we may sometimes say that f is ramified at o, and that f(«) is a
branch point. We also say that f is ramified over the branch point f(«). The ramification
index ef(a) of a point o € K is the smallest positive integer n such that the derivative
fM(a) # 0. We may refer to ep(a) as the multiplicity of o in the preimage or fiber
f7Yf(a)). The ramification index at infinity is defined as the ramification index of zero
for the function f(1/x). If the ramification index ef() equals the degree of f, we say

that f totally ramifies at «.

Definition 2.15. The ramification type or ramification data of a rational function
f € K(x) is a list of tuples describing the ramification indices over each branch point.
Note that the elements of each tuple in the list must sum to the degree of the function.
In the tuple notation, exponents denote multiplicity, i.e., the notation 2"/?>=212 signifies
the tuple in which 2 appears n/2 — 2 times and 1 appears twice. For our purposes, we

consider the following ramification types:
* (n,n),
o (n,2"/2,27/27212) for even n, and
o (n,2"=D/21 20=1/21) for odd n.

The first ramification type is the ramification type of a degree-n function totally ramified
at exactly two points, for ezample f(x) = x™. The last two are the ramification types of a
degree-n function which has 3 branch points, totally ramified over one of them, and with
ramification index 2 at every other ramification point. These are the ramification types
of the Chebyshev polynomials of even and odd degree respectively [16, Lemma 3.2]. For

brevity, we will denote both these ramification types by (n,2,2).

Definition 2.16. Given a function f(x) € K(x), its monodromy group over K is de-
fined as the Galois group of f(X) —t € K(t)(X), by which we mean the Galois group
of the splitting field of p(X) — tq(X) € K(t)[X], where f(x) = p(x)/q(x) with relatively

prime polynomials p(x) and q(x).
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Definition 2.17. Two rational functions f(x), g(x) € K(x) are called linearly related

if there exist degree-1 functions n,n' € K(x) such that

Moreover, we say that f and g are linearly related over K, or K-linearly related, if there

L we say that f is a (K-rational) twist

exists such n,n' € K(x). If we can take n' = n~
of g.

We say that the linear relation preserves (respectively, stabilizes) the point a (respec-
tively, the set S) if n(a) = 1/(«) = « (respectively, n(S) = n'(5) = 9).
Remark 2.18. Linearly related rational functions have the same ramification type.
Definition 2.19. Let M be a field, and let L, K C M be subfields both containing a
common subfield F C LN K. We say that L and K are linearly disjoint over F' if
(LK : L] =[K : F].

Proposition 2.20. Let (2 be a field, let L, K C ) be subfields both containing a common
subfield FF C L N K such that ) is a finite Galois extension of F'. Let G be the subgroup
stabilising the compositum LK, and denote by Hy and Hy the subgroups of G stabilising

L and K, respectively. Then L and K are linearly disjoint over F' if and only if

G — HlHQ — {hlhg | hz S Hz} .

Proof. Suppose first that G = H;Hs. Then

[LK : F] = [LK : L][L : F] = #G < #H\#H, = [LK : L][LK : K].

In particular, [L : F| < [LK : K|. However, it is always the case that [LK : K| <[L : F]
(because an F-basis for L will span LK over K), and thus equality is established. Now

suppose that L and K are linearly disjoint. Clearly the stabilizer of the compositum LK
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is the intersection H; N Hy. Now,
#H, =[Q: L] =[Q: LK|[LK : Ll =#(H, N Hy)[K : F] = #(H, N Hy)#G /#HS>.

Lastly,
#Hy# Ho

#(H H,) = Z(H, O i)

= #G
proves the result. O

Proposition 2.21. Suppose K and L are not linearly disjoint over F', and suppose that

K s Galois over F. Then K intersects L non-trivially. That is, ' C K N L.

Proof. Indeed, let Q2 be a Galois extension of F' which contains both L and K. Using the
notation of the previous proposition, since the fields are not linearly disjoint HHy # G.
Since K is Galois over F', the subgroup Hs of GG is normal, and thus H; H, is a subgroup
of G. By the previous proposition, it must be a non-trivial subgroup, since the fields are

not linearly disjoint. Thus, Q%2 is a subfield of L N K which is a non-trivial extension

of F. O

We say that a rational function f(z) € K(z) is reducible (over K) if when written
in reduced form as f(z) = g(x)/h(z), the numerator g(x) is reducible as a polynomial
(over K). This is equivalent to the statement that for any (or, equivalently, for some)
extension K (z) of K in which f(x) = 0 is of degree strictly smaller than the degree of
f(z). If G is the Galois group of f(x), which naturally acts on the roots of f(z), then
f(z) is reducible if and only if this action is intransitive.

Let L be an algebraic function field over K of transendence degree 1, i.e., a finite
extension of K(t). Assume further that it is Galois. Henceforth, all places considered
will be assumed to be trivial on K. Let v : t — a be a place of K(t) and v/ a place
of L which lies over v. We say that v is unramified in the extension if v(K(t)) = /(L)
for any v/ which lies over v. Otherwise, we say that the (unique) positive e for which

V(K (t)) = e- /(L) is the ramification index of 1/ over v. We denote this value by e .
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Lemma 2.22 (Abyhanker’s Lemma). Let L, L’ be linearly disjoint algebraic extensions
of K(t), for some characteristic-zero field K. Let v be a place of the compositum, and let

vr, v and vk be the places lying under v in L, L' and K(t) correspondingly. Then the

v

Uyt
i = lem(el: L)

ramification index e Vi CVE @)

Proof of this lemma can be found in [15, Theorem 3.9.1].

We will denote by t — a the place v,(f) = ord;_,(f) of K(t). These, together with
the place at infinity t — oo given by v (f) = deg f give rise to all places of K(t). We
let Of, be the ring of non-negatively valued elements, and let m; be the unique maximal
ideal of Op, consisting of all positively valued elements of O. The specialization of L/k ¢)
at the place t — a is L, = 92/m,. It is a Galois extension of K. Notice that L, depends
on a choice of v/ lying over ¢t — a. However, since L is Galois over K (t), all such v/ give
rise to isomorphic fields. The degree [L, : K] is called the residue degree of v,, and is
denoted by f = f(v,), where v, is the place t — a.

When L = K(z) with f(z) = t for some rational function f(x) € K(z), then the
ramification index of the place z — 25 over ¢t — f(z) is the same as the ramification
index of zg over f(zp) as defined earlier.

The decomposition group D < Gal (L/k()) of a place v/ of L is the subgroup of all
elements o € Gal (£/k(1)) for which v/(oz) > 0 if and only if v/(z) > 0, for all z € O,
The inertia group I < D is the subgroup of all o € Gal (£/k(t)) for which v/(x —o(z)) > 0
for all z € Op. Both of these groups depend on a choice of v/, however different choices
of v/ give rise to conjugate subgroups. Thus, for a specific place v of K we may refer to
the decomposition group of some v’ extending v as a decomposition group of v, which is
defined up to conjugation. If D, e and, f are, respectively, a decomposition group, the
ramification index, and residue degree of t — a, then #D = ef.

We have that I = 1 if and only v/ is unramified, in which case D is the Galois group
of the specialization Gal (Le/K).

Any element z € O, has a corresponding specialization z € L, given by the quotient
map. Being a quotient, this operation is a ring homomorphism. In the unramified case the

action of D on L, factors through this quotient, hence specialization preserves algebraic
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relations in the Galois action: If ¢ € D and z € Oy, such that P(z,0z) = 0 for some
polynomial P(z,y) € K[x,y|, then P(z,0z) = 0. In particular, in the unramified case
fixed points of D in Oy, specialize to elements of K.

Let f(x) € K(z) be a rational function, and let L be the splitting field of f(x) —t €
K (t). The following well known lemma (see, for example, [17, Lemma 3.1]) shows that

the place t — a is ramified in the extension L/k () if and only if f(z) is ramified at a.

Lemma 2.23. Let my,my,...,m, be the multiplicies of the elements of PY(K) in the
fiber of f~Y(a) for a € K U {co}. Let I be the inertia group of a place of L lying above
the place t — a of K(t). Then I is cyclic and generated by an element which has cycle

lengths my, ma, ... m, in the action on the roots of f(x) —t.

Indeed, I =1 if and only if m; = mg =--- =1 if and only if f(x) isn’t ramified at a.
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2.3 Siegel’s Theorem

Let K be a number field, R C K a finitely generated subring, and ¢ : V — P! be a cover
of the projective line. Siegel’s theorem provides necessary conditions on ¢ for the image

#(K) to contain infinitely many elements from P} C Pj..

Theorem 2.24 (Siegel). Let ¢ : V. — PL be a cover of the projective line. Suppose
that ¢(K) N Ok s infinite. Then V is of genus 0, and ¢ has at most two poles, i.e.,
#p 1 (00) < 2. We may therefore regard ¢(z) € K(z) as a rational function.

Moreover, in the special case where K = Q and R = Z, and #¢~(00) = 2, the two

poles must be real and algebraically conjugate.

The result can be found in [17, Proposition 2.3]. Functions which satisfy the condition

of the theorem are typically called Siegel functions.
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2.4 Hilbert’s Irreducibility Theorem

Definition 2.25. Let P(t,x) € K(t)[z] be an irreducible polynomial over number field

K and let S C K be a set of numbers. The set of reducible values of P(t,x) in S is
Redp(S) ={s € S| P(s,x) € K|[z] is either undefined or reducible},

where by saying that P(s,x) is “undefined” we mean that s is a pole of some coefficient

of P(t,x).

Theorem 2.26 (Hilbert’s Irreducibility Theorem). The set of reducible values Redp(K)
can be written as the union of finitely many rational value sets of morphisms ¢; : V; — Pl

of degree > 2 together with a finite set:
Redp(K) = | Jo:(Vi(K)) U F,

where F' C K is a finite set of values. Moreover, for each i the pullback of P(t,x) along

oi, namely, P(¢;(t,z),x) € K(V;)[x], is reducible. Here (t,z) denote coordinates on V;.
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2.5 Rédei functions

Throughout this section, let K be a field of characteristic zero, let § € K™ be such that
52 € K, and let n € N. The Rédei function of degree n with parameter ¢ is defined by

the composition

Rsn(w) = p3 ' (ns(2)") € K[0](x)

where yi5(z) = 2 € K[6](z), and p; ' (z) = 6%, This is a K [d]-twist of the function
x™. Fix some ¢ throughout this section, and denote p = ps and R, (z) = Rs,(z).

Note that p maps ¢ to infinity and —d to zero. Note further that whenever § ¢ K,
there exists an automorphism o of K[d] fixing K and exchanging § with —d.

As an example, let us compute

B 6(:)@4—5)2—{—(1’—(5)2
(x4 6)? — (z —0)?
B 521’2 + 252
4x6
2% 4+ 62

In this section, we will define and prove “twisted” versions of facts regarding the
family of functions ™. The corresponding definitions and results are summarized in the

following table:

" R, (z)
T = cx T = ne(z)
™o g™ = "™ Ry o Ry = Ry
x" is totally ramified at 2 points R, is totally ramified at 2 points
(cx)™ = "™ R,on.=mnmoR,
Roots of unity Poles of R, (x)
Monodromy group of 2" is < AGL;(Z,) | Monodromy group of R,(x) is < AGL,(Z,)
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Proposition 2.27. The Rédei function Rs,(x) is a rational function defined over K.

Moreover, it is totally ramified at 6 and —9, with branch points § and —&, respectively.

We will show that the Rédei function is unique with respect to this property, up to

a K-linear relation preserving {6, —d}. The proof of this proposition will appear after

Lemma 2.38.

Lemma 2.28. Suppose § € K, and let o be the automorphism swapping +9. Then we
have that op(x) = 1/p(x), and op™ () = —p~ ' (x).

Proof. Indeed,

r+d0 x—96
Likewise,
_ r+1
o l(x):m;x_l
:_5x—|-1
z—1
= —p"'(x)

Lemma 2.29. The following identities hold:
1o (1) = —p (@),
2. pi(—x) = 0%/u~H(x).

Proof. We compute,

1/x+1_61+x__51:+1_

pllfe) = 51/x—1 o l-z -1 1 (@),
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Similarly,

—x+1
= x+1
5r—1

= 6% /u" ().

O

Lemma 2.30. Suppose 6 € K, and let o be the automorphism swapping £6. Then

c € K[0]* satisfies ¢ € uK if and only if oc = ¢!,

Proof. The first direction follows from Lemma 2.28. In the other direction, we can see that
for such ¢ we have that o(u~'c) = —p~1(c™!), again by Lemma 2.28. Lastly, —u~!(c™!)

is equal to u~!c by the previous lemma, showing that p~'c € K. O]

Lemma 2.31. The following identities hold:

1. pla)u(b) = p(LE2).

ao—ola —52
3. p(a) + p(d) = H(‘S_ibia?iﬁ;))—:sg?)

Proof. 1. Indeed,

a+d b+
a—030 b—2o
ab+ (a + b)d + 62
ab — (a + b)d + &2

ab+42

a+b +75

ab+482

a+b 0
ab + 62

a+b

= u( )-
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2. Indeed,

1 [a+d 71_&—5_(—a)+(5_
) _<a—6) _a+5_(—a)—5_'u(_a)'

3. This also follows from an explicit calculation. Indeed

a+5+b+5_2 ab — 62
a—0 b—6 “ab—6(a+b)+ 62

p(a) 4 p(b) =

Likewise,

3ab—6(a+b)—52
3ab — d(a+b) — 52) _ 5ab+6(a+b)7362 +0

1
bl —ar) et

~ 3ab—6(a+b) — 6%+ ab+ 6(a + b) — 35
~ 3ab—d(a+b) — 62 —ab— 6(a+ b) + 352
_ 4ab — 452

~ 2ab— 26(a + b) + 202’

where in between the first and second lines we cancel the § and multiply by the

inner denominator.

]

Remark 2.32. The first and second points of the previous lemma show that uK is closed

under multiplication and division.

Definition 2.33. For ¢ € K U oo, define n.(r) = ns(x) == p~t(cu(x)). Likewise,
n(x) = n5.(x) == p~(c/p(x)). These are, respectively, twists of the linear maps x — cx
and x +— c/x.

pt(e)a+d?
z+p~t(e) -

Lemma 2.31, (1) shows that 7.(z)

Remark 2.34. For ¢ = 0 or ¢ = oo, we find that n.(x) and 7.(z) are both the constant

function p(c).

Since compositions of the form 7.0 R, (z) will appear frequently in this thesis, we will
often omit the composition operator and just write n.R,,(z).

We lay out some properties of 7, that will be useful later:
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Lemma 2.35. The following are true:

1. The map n is multiplicative in its parameter, that is, Nee = N © Ner.  Stmilarly,

Mer = 10 My
2. n_1(x) = 6%/x.
3. Rale) = o+ 14(0))

Proof. 1. Indeed, 1. o ne(x) = p~H(ep(p™ (dp(x)))) = pH(cdu(x)). Likewise, n] o

mye(x) = p= e/ p(p™ (u(x) /) = p=Hed [u()).

2. By Lemma 2.29, we have that pu~(—y) = 62/u~(y). By setting y = pu(x) we get

0% fx =yt (—ple)) = (@),

3. As we have computed at the start of the Chapter, Ry(x) = “”‘22; & Indeed, this is

equal to 3(z + 6%/x).

O
Lemma 2.36. For every ¢ € K we have that R, o Ne = Nen © Ry,
Proof. Indeed,
Ry one(x) = p~ (u(p™ (eu())") = p=H (" u(@)") = nen 0 Rp().
O

Lemma 2.37. For every ¢ € K* we have n.(£0) = n.(F6) = £6. Moreover, if a
degree-one function ((x) € K(z) stabilizes the set {0, =5}, i.e., £({5,—0}) = {5, -0},

then {(x) = n.(x) or n.(z) for some c € K*.

Proof. The first part follows from the fact that us({0, —0}) = {0,000}, and that this set

is preserved under multiplication by (non-zero) ¢ € K.

29



Preliminaries

Now, suppose ¢({§,—d8}) = {0,—0}. Then po o' is a degree-one map sending
{0,000} to itself and therefore must be either x — cx or x — ¢/x. This proves the

claim. =

Lemma 2.38. Forc € KU{oo}, the function n.(z) € K(z) if and only if n.(z) € K(x),
if and only if p='(c) € K U {oo}.

Proof. Let us first of all treat the case u~!(c) = co. This holds only for ¢ = 1, in which
case 1.(z) is the identity function which is clearly in K (z), and by Lemma 2.29 we have
W(x) = —z € K().

From now on we may assume p~ 'c # oo. Now, if either 7.(z) or n.(z) € K(z),
then 7.(0) = 7.(0) = p~'(—c) € K U{oo}. Thus by Lemma 2.29, we have u~'(c) =
62 /ut(—c) € K.

Assume conversely that y='(c) € K. In the case where § € K, we have that u(z) €
K(z). Therefore, c = u(p~'(c)) € K and thus n.(z) € K(z), being the composition of
functions with coefficients in K. Otherwise, let ¢ be the automorphism swapping 9.
Since 1~ !(c) € K, we have that ou~'(c) = p~*(c). This implies (by Lemma 2.28) that

o = o(u(i(e)) = 1/(n(i(c))) = 1/e. Now,

one(x) = (op")(o(c)o(u(x)))

=~ (o (c)/p(x)) (Lemma 2.28, twice)
=p (u(@)/o(c)) (Lemma 2.29)
=p" (eu(@))

= ne(7).
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Likewise,

= N (o(Q)u(x)) (Lemma 2.28, twice)
=p~ (1/(x)o(c)) (Lemma 2.29)
=n (c/u(=))

= 1(7).

All that remains to show is that if o fixes a degree-one function, then this function can be
defined over K. This follows from Proposition 2.13, but let us also show it more explicitly.
Suppose that of(x) = ¢(x) for some degree-one map ¢(x) € K[0](z). This implies that
the values of ¢ at zero, one, and infinity belong to K U {co}. By composition with an
appropriate invertible function in K (z) we may assume that these values all belong to

K. Now, it is well known that

in which all the coefficients belong to K. O]

Proof of Proposition 2.27. We can now deduce that Rj,(z) is indeed defined over K.
A-priori, since u = ps € K[d](z), we have that R,(z) = Rs,(x) = p~ (u(x)") is defined
over K[d]. If § € K, we are done. Otherwise § ¢ K but by definition §> € K. Thus,

let o be the automorphism of K[d] swapping +40. We shall show that o R, (z) = R, (z).
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Indeed,

= i (on(@)) (Lemma 2.28)
= (1 () (Lemma 2.28)
= p~ (u(2)") (Lemma 2.29)
= R,(z).

Per Proposition 2.13, this implies that R, (z) € K(z).
Now, the ramification points of R,(z) are § and —d, for p maps {J, —d} to the

ramification points of 2™, which are {0,00}. Lastly, a direct computation shows that

Rsn(£6) = 3. 0

Theorem 2.39. Let f(z) € K(z) be a rational function which has ramification type
(n,n). Then f(x) is linearly related to Rs,(z) over K for some § € K* for which
52 € K. Further, § € K if and only if at least one of the ramification points of f is in

K, if and only if f(x) is linearly related to x™ over K.

Proof. First of all, 2" is clearly linearly related to Rj,(z) for any 6 € K*. Denote
the ramification points of f(x) by 6 and ¢'. If {4,0'} = {0,000}, we can assume (via
precomposing f with an appropriate degree-one map) that f(0) = 0 and f(co) = oo, and
then clearly f(z) = ca” for some ¢ € K and we are done. From now on assume that
{6,0'} # {0,00}. Thus, we can assume without loss of generality that both ¢ and ¢ are
not co: If one of them is equal to oo, we shall consider f(1/z) instead.

The ramification points are obtained as the roots of f’(x), whose numerator must
factor to irreducibles over K as either (z — 6)" '(z — ¢’)"! with § and §' € K, or as
q(x)" ', where q(z) = 2* — (0 + &')x + 80’ € K]|x] is irreducible. Thus, either both
ramification points belong to K, or they are algebraically conjugate.

In particular, if one of the ramification points is in K then they are both in K, and
composing f with the degree-one map sending § and ¢’ to 0 and oo reduces to the case we

considered first, showing the further statement, that in this case f is K-linearly related
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to ™.

If both ramification points are not in K, they must be conjugate. That is, they must
be of the form d + 6 for some d € K and some 6 € K such that 6 ¢ K and 6% € K.
Precomposing f with the map x — x + d lets us assume that d = 0 and the ramification
points of f are {4, —0}.

Now, the branch points of f(x), being f(+£d), are both in K[4]. Since f is defined
over K, these values are also conjugate, and we may again assume that they differ only
by a sign, that is, f(£d) = £f(J). Since o swaps £J, we can also write this fact as
of(0) = —f(6). This shows that §/f(d) € K. Thus, postcomposing f with the map
x+— dz/f() we may assume f(40) = +4.

We may now observe that pso fo ugl fixes both 0 and oo, and is totally ramified over
them. Thus, it is equal to ca™ for some ¢ € K. Note that this linear relation is not defined
over K. However, f(0) = = *((—1)"c) € K. Lemma 2.29 shows that this is equivalent to
p~t(c) € K, and by Lemma 2.38 we have that n.(z) € K(x). Direct calculation verifies

that indeed f(z) = n.(R,(x)), and this also demonstrates the linear relation. O

Throughout the section, we may use the fact that =™ is linearly related to Ry (), so

that we may assume ¢ as in the theorem is always non-zero.

Lemma 2.40. For every ¢ € K and n € N we have that 1,0 R, = 1.0 R, o 1.

Proof. This follows from a direct calculation:

0 Ru(x) = p™ ¢/ p(Rn(2)))

]

Proposition 2.41. Let 6,6’ € K* be two elements such that §*,8> € K. Then Rs,

and Ry ,, are linearly related over K if and only if /0" € K. Moreover, in this case they

33



Preliminaries

are K -rational twists of eachother.

Proof. Indeed, if §/§' € K, then the map ((x) = dx/d’ satisfies ps o ¢ = pg, and thus
(=10 Ry, 0l = Ry,

On the other hand, if Rs,(z) and Ry ,(z) are linearly related over K, then there is
some K-rational degree one map ¢(x) which sends {£0} to {#0'}. In particular, ¢’ € K[J].
Since 6" € K, this implies §/6' € K. ]

Proposition 2.42.  Suppose ¢(x) € K(x) is totally ramified over {6,—0}. Then ¢(x) =

Ne © Rsp 0 l(x) for some ¢ € p(K)U {oo} and some degree-one map {(x) € K(x).

Proof. Indeed, by Theorem 2.39, such function must be equal to ¢' o Ry ,, o ¢ for some
&' € K* such that 6 € K and some degree-one functions ¢(z), ¢ (z) € K(z). Now, in
a similar fashion to that of the previous proposition, ¢ (x) must map the branch points
{¢',—0"} of Ry ,(x) to the branch points {J, —d} of f(x), which implies §/¢§' € K. Thus,
by applying the previous proposition, we may assume without loss of generality that
0=1".

Now, by Lemma 2.37, since ¢’ preserves the set {J, —0}, we must have ¢/ = n, or /. for
some ¢ € K. By Lemma 2.38, the fact that ¢ (z) € K(z) implies that ¢ € u(K) U {oo}.
We finish the argument by noticing that we may insert n] “into” the Rédei function as

per Lemma 2.40. O
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2.6 The monodromy group of the Rédei function

Throughout this section we fix § € K* satisfying §2 € K, and denote R,(z) = Rs, ().
In this section we show that the monodromy group of R,(x) over the field K can be
naturally identified with a subgroup of AGL,(Z,) = Z,, x Z} containing Z,, x 1.

Unless states otherwise, we denote by (’s n-roots of unity, and by &’s “twists of roots
of unity”, i.e., poles of R, (z) = Rs,(z), or equivalently numbers of the form p~'(, as in

the following lemma. .

Lemma 2.43. A number £ € K is a pole of R,(x) if and only if ( = u(&) is an n-th

root of unity.

Proof. Since p~!(x) = 6%}, we have that (€)™ = 1 if and only if p=1(u(¢)") = 0. O

z—17

Lemma 2.44. If ¢ is a pole of R,(x), then for any a € N, we have that R,(&) is also
a pole of R, (x).

Proof. Since ¢ = u(€) is an n-th root of unity, u(R.(§)) = u(£)* = ¢* is also an n-th root

of unity:. m
Definition 2.45. We say that a pole £ of R,(x) is a primitive pole if it is not a pole
of Ry (x) for any m < n (equivalently, for any m|n).

Lemma 2.46. A pole £ of R,(x) is a primitive pole if and only if u(€) is a primitive
n-th root of unity.

Proof. By Lemma 2.43, a pole £ of R, (x) is a pole of R,,(z) for some m < n if and only

if 14(€) is an m-th root of unity for that same m. Negating both sides of the equivalence

proves the lemma. O]

Lemma 2.47. If¢ is a primitive pole of R, (x), then all other poles of R, (x) are obtained

as R,(&) for some a € N.

Proof. By the previous lemma, ¢ = () is a primitive n-th root of unity. Thus, all n-th
roots of unity are obtained as (* for a € N. Now, by Lemma 2.43, all finite poles of R,,(x)

are obtained as u™1(¢%) = p~H(1u(£)*) = Ry (€). O
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Lemma 2.48. [f¢ is a primitive pole of R,(x), and (n,a) = 1, then R,(§) is a primitive

pole of R, (x). Further, all primitive poles are obtained as such.

Proof. We need to show that u(R,(§)) = u(§)* is a primitive root of unity. However,
(&) is a primitive root of unity. Indeed, all primitive roots of unity can be obtained in

this way. n

Lemma 2.49. For a given primitive pole & of R, (x) we have that R,(§) = Ry(§) if and

only if a =b mod n.

Proof. Write ¢ = u(€). We have p(R,(£)) = ¢* and u(Ry(x)) = ¢°. Now, since ( is an

n-th root of unity, we have R,(§) = R,(¢) if and only if a = b mod n. ]

Let F,, denote the extension of K obtained via adjoining all the finite poles of R,(x).

Lemma 2.50. The extension F,,/ K is Galois, and has Galois group which is a subgroup

of Z).

Proof. Let @Q,(x) denote the denominator of R,(z). Then F, is the splitting field of
Qn(z), hence Galois over K. Fix a primitive pole £ of R, (z). Lemma 2.48 shows that
all other poles are obtained as rational functions R,(§) in that pole, hence the action
of 0 € Gal(f»/K) is determined by where ¢ sends . The primitive pole £ must map
to a primitive pole R,_(£), and we must have ged(n,a,) = 1. The map ¢ — a, from
Gal (fn/k) — Z) is a homomorphism, since R, (R, ,(§)) = Ra,a, (§). Since the action
of o is determined only by its value on £, this homomorphism is also injective by Lemma
2.49.

O

Proposition 2.51. Let ¢ be an n-th root of unity, and recall n.(z) = p~(cu(x)), and
let L be some field containing K. Then for any z € L we have that R, (2) = R,(n:(2)).

Furthermore, all preimages of R,(z) under R,(x) are of this form.

Proof. By Lemma 2.36, we have R, (n¢(2)) = mR,(z) = R,(z), where the last equality

follows from the fact that n;(z) is the identity. Observe that nc(x) = ggif where £ =

36



Preliminaries

p~'¢. Now, all the points 7,(z2) for various roots of unity ¢ are the images of various poles

2462

§ of Ry(x) under the degree-one map § — 7=

. Since they are the images of n distinct
points under a degree-one map, they must be distinct themselves. Now, since R, () is a

degree-n map, these must be all the preimages. ]

Lemma 2.52. The Galois closure of the extension (=) [k ) which is defined by R, (z) —
t=0is F,(2).

Proof. We claim F,, is contained in the Galois closure. Indeed, for any pole £ = p(¢) of

26462
&tz

R, (x), the element 2’ = n¢(2) = is also a root of R, (x) — t, and thus belongs to

the Galois closure. Thus & = Z_Z;,_ij also belongs to the Galois closure. Hence, all of F},
is contained in the Galois closure. By the previous lemma, all the solutions to R, (x) =t
are of the obtained as 7.(z) € F,(z), showing that F,(z) is indeed the splitting field of

R,(x) —t. [

From now on let ¢ be a transcendental variable, and let the extension K (z)/K(t) be
defined via R, (z) =t. For a € Z, extend the definition of o, € Gal (¥»/K) given in the
proof of Lemma 2.50 to F,,(z) by acting trivially on z. This is possible because K(z)
is linearly disjoint from F;,, as the former is purely transcendental while the latter is

algebraic. Moreover, define 7. € Gal (f»(3)/F, (1)) to be the automorphism sending z to
1¢(2)-

Lemma 2.53. Let (,(’ be n-th roots of unity. Then nc(z) = ne(2) if and only if ¢ = (.

Proof. Recall that if { = p(, then ne(z) = %. Apply the following degree one map to

both sides of the equation: = +— IZ:;SQ and find that £ = u(¢) = u(¢’) =¢'. O

z

Proposition 2.54. The monodromy group of R,,(x) € K(x) is isomorphic to a subgroup
of AGLy(Z,,) containing a copy of Z, x 1. Further, its action on the roots of R,(x) —t

is isomorphic to that induced by the action of AGLy(Z,) on {0,...,n —1}.

Proof. We know from Lemma 2.52 that the Galois closure of K(z)/K(t), where R, (z) —
t =0is F,(z). Consider first the extension F,,(t)/K(t). By Lemma 2.50 we know that this

extension is Galois with Galois group which is a subgroup H of Z. Fixing a particular
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primitive pole £ € F), of R,(z), the action of o € Gal (F»()/k (1)) is given by o(§) = R4(&)
for some a € H. Let 0, = o denote this element. Now, this is a normal subextension
of F,(z)/K(t). Observe that as before we can extend the action of H to all of KF,(z)
by letting it act trivially on z. The extension F,(z)/F,(t) is thus also Galois. Note
that this extension is of degree n. We can see that the Galois group of this extension is
Z, = {( | ¢" =1}, where ¢ acts via 7. Thus, over all Gal ("(3)/k@)) = Z,, x H.

Indeed, letting & € {0,...,n — 1} correspond to 7.z we can see that the action of
7o is additive while the action of o, is multiplicative, showing the isomorphism of the

action. O

Proposition 2.55. Let n'|n be integers. Recall that ¢, : AGLy(Z,) — AGL(Z,,) is
the mod n' map. Let H C AGL,(Z,,) be the Galois group of R, (x)—t, i.e., the monodromy

group of R, (). Then the field fized by ker q,, . N H is the splitting field of R,/(x) —t.

Proof. Indeed, consider the extension F,(z) where R,(z) = t, and let ¢ be a primitive

n-th root of unity. We see that all the roots of R,/(z) —t = 0 can be obtained as

{ gt By (2) |

Il
UO

| 3

|
—t
——

Indeed,

Rn’(ngnk/n’Rn/n’(Z)) = Rn/Rn/n/(Z) = Rn(Z) =t.

Now, the action of ax +b € H on neuk/w Rnyns(2) yields

N¢ank/n! Ry (ﬁcbz) = N¢(ak+byn/n’ Ry jns (2).

All these roots are fixed if and only if for every k& we have that & = ak+b mod n'. In
particular, K = 0 and k = 1 show that b =0 mod n’ and a =1 mod n’, correspondingly.

Moreover these conditions really ensure that & = ak + b mod n’ for all k. O
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2.7 Dickson and Chebyshev polynomials

Let K be a number field, let « € K* and n € N. The Dickson polynomial of degree n

with parameter « is the unique degree-n polynomial over K satisfying

They can be defined recursively via the recurrence relation D, ,(x) = 2Dqpn-1(z) —
aDy p—o(x) for n > 2, and with initial values D, = 2 and D, 1(z) = x. The Chebyshev
polynomials appear as the special case T,,(2) = Dj ().

The Dickson polynomials are all linearly related over K to the Chebyshev polynomials

(and hence to each other): D,,(z) = a™/?T,(-%), although they may not be linearly

R

related over K. The Dickson polynomial D, ,(x) has ramification type (n,2,2), with

™2 and infinity. In the case where n is even the ramification indices

branch points at 2«
are 227212 over 2a™?, with +2,/a being the non-ramified preimages, and 2"/? over
—2a™2.

Up to linear relation, the Dickson polynomails are the only degree-n rational functions
which have these ramification types.

As with the Rédei functions, two Dickson polynomials D, ,(z) and Dg () are linearly

related over K if and only if /3 € K*?, that is o and 3 differ by a square. More precisely,

in this case

a’"/zDam(\/ affr) = ﬁin/zng(Z‘).

Conversely, suppose Dy () = ¢'(Dgn(¢(x))). If n is odd then ¢ must map the branch
point 23™2 to one of the branch points +£2a™/2, which implies a/f3 is a square. On the
other hand, if n is even, ¢ must map the non-ramified preimages ++/a of 2a”/2 to the

non-ramified preimages 4+/3 of 23"/2, which again implies v/ is a square.

Proposition 2.56. Let f(z) € K(z) be a degree-n rational function with ramification

type (n,2,2). Then there exists a € K such that f(2) is K-linearly related to Dg n(2).
A proof of this fact can be found in [16, Lemma 3.2].
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Remark 2.57. Let n,m be integers. The Dickson polynomials satisfy
Da,nm<x) = Dam,n o Da,m(x)>

since they both map z + a/x to 2™ + o™ /x™™.

Proposition 2.58. The monodromy group of D () is a subgroup of AGLy(Z,) which
contains Z,,xCy. Moreover, the action of this monodromy group on the roots of Dy n(x)—t

is isomorphic to the natural action of AGLy(Z,) on {0,...,n —1}.

Proof. We compute the Galois closure  of the polynomial D,, ,(x) —t over K(t). First,
consider the quadratic extension K(u)/K(t) defined by the relation ¢ = u + 2-. This
extension has a unique non-trivial automorphism 7 : u +— a”/u. The Galois closure of
" —u over K(u) is Q, = K(v,(), where v" = u and ( is a primitive n-th root of unity.
Moreover, the Galois group G = Gal («/k(u)) is the monodromy group of 2", and hence
is isomorphic to a subgroup of AGL;(Z,) which contains Z,, x 1. Note that the Galois

closure of D, ,(z) —t over K (t) is contained in €2, since all the roots

{Ckv—i-Ck k:(],...,n—l}

lie in €2,.
Q, = K(v,()

VR
\/

First, suppose that ( € K. Then G = Z,, x 1, and the element z +— x + b acts via
v — (Pv. We observe that in this case, the Galois closure of D n(x) —t must be all of
Q,. Indeed, both the roots z = v + a/v and 2’ = (v + «a/(Cv) are in 2, and therefore

sois v = (z—(2)/(1 =% € Q. Extend 7 to , by letting 7v = a/v. We can see that
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the overall Galois group is Z,, x (5. In this semidirect product, 7 € C5 acts on Z, by
negation, so we can consider this group as a subgroup of AGL;(Z,,).

Now, suppose ( ¢ K. In this case, we have that G moreover conatins Z,, x Cy, where
the element of order two fixes v and maps ¢ to (~!. Moreover, we have that K(v) and
K () are linearly disjoint (v is transcendental). We can thus extend 7 to Q, via v — a/v
and ¢ — (1. This extension of 7 remains of order 2. Further, we show that this extension

commutes with all the members of G. Indeed:

(ax + b)Tv = (az + b)% = % = 7(¢") = 7(azx + b)v,
and
(az +b)7¢ = (az + b)% _ Ci — 7(¢*) = r(az + bC.

Thus, the Galois group Gal (+/k)) = Cy X G.

We observe that 7 fixes all the roots of D, ,,(x)—t, as can be seen by the computation

7(¢Fv + (o)) = a(Fo) ! + ¢Fo.

We now show that the Galois closure 2 = Q2. Since 7 fixed all the roots of D, (z) —t,
we have that Q2 C Q. Now note that u & €2, since 7 does not fix u (but does fix all the
roots of D, (z) —t). Hence the quadratic extension Q[u] is the compositum K (u) of two
Galois extensions of K (t), and must therefore be Galois over K (t). Since it is Galois over
K(t) and contains K (u), it must contain 2,,. However, it is the compositum of two fields
contained in €2,, and we must have equality. This shows that €2 is a subfield of index 2
in €,. Furthermore, since we showed that Q contains Q2 we must have equality.

Computing the action

(az +b) - (C*v + a/CFv) = Py 4 /(R Hy)

we can see the action isomorphism. ]
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Proposition 2.59. Let n'|n be integers. Recall that q, v : AGLy(Z,,) — AGL(Z,) is
the mod n' map. Let H C AGL1(Z,) be the Galois group of D, ,,(x) —t over K(t). Then
the field fized by ker g, v N H is the splitting field of D ju/w ,,(7) —t € K(t)[z].

Proof. Recall that Dy n(2) = Dyn/n y © Doy (). As before, write t = u + o™ /u and
v"™ = u, and fix some primitive n-th root of unity ¢. All the roots of D, ,(z) —t are given
as (*v + a(¢*v)7!, for any k. Then direct computation shows that all the solutions to

Dy () =t are obtained as
Da,n/n’(Ckv + Oé(ck'l})il) _ an/n’vn/n’ + Oén/n’c-fnk/n’vfn/n"
Let ax + b € H. This element fixes a root ("™F/™y™/™ 4 o/ =7k y=n/n" if and only if

(CL.’L‘ + b)(gnk/n’vn/n’ + an/n’gfnk:/n/vfn/n’) _ ana/n’qtbn/n/vn/n’ + Oén/n’Cf(nka/nurbn/n’)vfn/n’

equals

an/n’vn/n’ + an/n’é-—nk/n'v—n/n"

This holds if and only if (ank)/n’ = nk/n’ and (bn)/n’ = 0 mod n. As in the proof of the
analogous statement for the Rédei functions, this is true exactly when a =1 and b = 0

modulo n’, which means that ax + b € ker ¢, ,,». This completes the proof. O]
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Chapter 3: Rational functions
attaining values in a recurrence

sequence

Let K be a number field, and let (r,), ., be a rank-2 linear recurrence sequence satisfying
Tpio = A Tpy1 + aory, where a; € K and ay = —( € K for some m-th root of unity (. Let

a1 VA
2

¢ and Cp~! be the roots of the recurrence relation, where A = a? + 4ay. These

are the roots of the characteristic polynomial 22 — a;z — ay. Assume that A # 0. Then
we can write 7, = A" + B(Cp™')" for some A, B € K[p]. Assume that 7, is not the
constant zero sequence. This implies that at least one of A or B is not 0.

Define A = D¢ ,,(a1) — 4, where D¢, () is the m-th Dickson polynomial. Also define
N = N, = ayrg + a1mory — 11 = 11y — 17,

and for each 0 < j < m — 1, define

_ a2
Nj = 194475 (e

We note that the subsequences
Tin = Tamtj = AP (@™)" + B¢ (7™™)"
for j =0,...,m—1 are themselves rank-2 recurrence sequences, with roots ¢™ and ¢="™.
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The characteristic polynomial for their recurrence relation must be
(- (z—p ™) =2 = (P + o Mz +1=2"— @z — ds.

Since a; = ¢ + (o~ t, we have that a; = ¢™ + ¢™™ = D¢, (a1). We can see that the

discriminants of these subsequences are all equal to A, and that N ; = Nj,. Note that this

implies that ™ = leJ”S or &IT_‘S. For notational convenience we pick the root § = \/Z such

that ™ = @. We may sometimes refer to N, as the norm of the sequence r,, and to
N ; the norms of the subsequences (with the implication of referring to the subsequences
Tjn). We additionally assume that A #0 and Nj #0forall 0 <j <m.

In this chapter we prove the following theorem:

Theorem 3.1. Let K be a number field, and let (r,) be a rank-two recurrence sequence

nez
satisfying rnp40 = @171 + aor, where a; € K and ay = —( € K for some ¢ such that ¢
is a root of unity of order m. Further, denote A := D¢m(ar1)* — 4, and 6 := \/Z, and
Nj = Tom4T — T72n+j' Suppose additionally that A # 0 and that Nj #0 for all j < m.
If the value set ¢(K) of a rational function ¢(x) € K(x) of degree d > 2 contains
infinitely many elements from the sequence {1y}, o, that is, if #(¢(K)N{r, | n € Z}) =

0o, then ¢(x) is of one of the following forms

1. £,/ AN—;iDa,d(ﬁ(a:)) for some 0 < j < m, a degree-one map {(x) € K(x) and some
N;

o € K such that %

1$ a square in K, or

2. qj(ns pmi (Rs.ay2(L(x)))) for some 0 < k < d/2 and 0 < j < m and for some degree-

one map {(z) € K(x), where d is even and

ri(@? + A) — (414 — 2a17;)
22 — A

q](x) = € K(l‘),

T+ 0

pa) = 250 Ron(w) = 115" (s(2)") € K (),

mk

and where n;..(x) = ps (cus(z)). We note that for the particular ¢ = ™ we have

nsc(x) € K(x).
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Moreover, when the value set contains infinitely many elements from the sequence in
either case above, for the corresponding j there are infinitely many elements from the

subsequence {Tmnyj},cz in the value set ¢(K).

In Remark 3.8 below we comment on the converse of the theorem.

Remark 3.2. Note that because

a_d/2Da7d(\/ ajalx) = a’d/ZDa/7d(x),

one may freely vary a up to a square in 1. In particular, when d is odd, since N,/ Aa? must

be a square, one can take a = NA Additionally, in this case we have that —D, q4(x) =
J

D, 4(—z), and we can drop the =+ sign.

Remark 3.3. 1. N, = 0 if and only if r, is a geometric sequence, either A" or

B({p™H)™. In this case the problem is treated by a work of Débes [13] on geo-

metric seuquences.

2. When A = 0, the characteristic polynomial has a single root of multiplicity two,

and the sequence r, has the form Aa™ + Bna™.

Remark 3.4. By studying the ramification of the functions mentioned in the theorem, we
can see that (over K) the functions g;07s.0 R, () are linearly related to the composition
of a Dickson polynomial D, , with an appropriate quadratic function. Therefore, the two
possibilities which appear in the theorem are closely related, arising in such different

forms only because we chose to write them as the composition of functions defined over

K.
The only function in the theorem which is not obviously defined over K is 1 ,mk(z).

Claim 3.5. The function 1 m«(x) is defined over K for every k.

Proof. We know by Lemma 2.35 that 7. () = 1c 0 1o (x), and so 7, ymr(2) is the k-fold
composition of the map ns,m(z) with itself. Thus, it suffices to show that ns,m(z) is

defined over K.
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Whenever 6 € K, we also have that ¢ = ‘ilTM € K. Thus, the entire composition
s (@™ us(w)) is defined over K. Otherwise, let o be the unique automorphism of K[6].
Since pop = (, we have that g™ = ¢~™. The fact that the function is defined over K
follows from the fact that 7.(z) is defined over K if and only if ¢ € pK, and that ¢ € uK

1

if and only if oc = ¢7*, as seen in Lemmas 2.38 and 2.30. [

Remark 3.6. The last line of the proof shows that ¢ € u(K).

Recall the subsequences 7;,, = pn4j, for 0 < j < m. Clearly, if a rational map attains
infinitely many values from the sequence r,, then for some j, it must attain infinitely
many values from 7;,. Let us now restate the theorem for the case where ay = —1,
from which the main theorem follows precisely by considering this decomposition into

complementary subsequences.

Theorem 3.7. Let K be a number field, and let (ry), . be a rank-2 recurrence sequence
satisfying rpi0 = a17pe1 — rp where ap € K. Denote A = a% —4, and N = rory — r% as
above, and set § = /. Suppose additionally that both A # 0 and N # 0. If a rational
map ¢(x) € K(x) of degree d > 2 has infinitely many elements from r,, in its image, that

is, if #(o(K)N{r, | n € Z}) = o0, then ¢ must equal one of the following:

1. £/ 25Dy a(€(z)) for some degree-one map ((z) € K(z) and some o € K such

that & 1 a square in K, or
2. q(ns,or(Rs5a/2(€(x)))), where d is even, and as in Theorem 3.1

24 A)— (4r; —2
o) = DS Z BRI ¢ ey,

o) = T8 Ran) = 15 us(a)"), (o) = 07 (o) € K,

for some 0 < k < d/2 and some degree-one map ((x) € K(x).

Remark 3.8. One can show that all the functions having the form given in 2 do indeed
attain infinitely many elements from the given sequence (this can be infered, for example,

from the last part of Proposition 3.12 given below).
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As for the functions given in 1, we do not know whether the converse statement is

true but we are able to give two illuminating examples:

e For the sequences 7, = Ap™ + Ap™™ € K where A € K, we find that N = A%A,

and therefore, for any d and n we have that

N
=] ~Dua(e" + ).
T A L@+ ")

e For the sequences 7, = 6 A" —JAp™" € K where A € K, we find that N = —A2A2,

and therefore, for any n and for any odd d we have

N oA
i =\ Bap a0 )

In further work we intend to precisely nail down the possible values of « for which

the converse holds.
We can now use this theorem to prove the main theorem of this chapter.

Proof of Theorem 5.1. Recall that the subsequences 7;,, = 7,m4; satisfy a recurrence

2 — G2+ 1, whose roots are

relation with characteristic polynomial (z — ¢™)(z +¢™) = x
™. The assumptions of our theorem precisely imply that the assumptions of Theorem
3.7 hold for each sequence 7 ,,, except maybe for the assumption of infinite intersection

with the value set ¢(K). However, if ¢(z) attains infinitely many values from r,,, it must

attain infinitely many values from 7;,, for some j, showing the result. m

To prove Theorem 3.7, we set S to be the set of primes that divide any one of the
denominators of aj, 79 or r1. Then all the elements from {r, | n € Z} are S-integral.
Therefore, ¢(z) as in Theorem 3.7 must be a Siegel function, and so we are to classify the
Siegel functions which attain infinitely many elements from {r, | n € Z}. Recall that a
Siegel function may have either one or two poles. Proposition 3.15 below treats the case
of one pole, and Proposition 3.18 below treats the case of two poles.

We now turn to making prepareations towards a proof of Theorem 3.7.
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Lemma 3.9. Denote by r' = r,,1 the sequence r, with an index shift of 1. Then

N,+1 = —asN,.. In particular, whenever as = —1 we have that N.+ = N,.

Proof. We observe that N, can be written as a determinant, and find that

9 rL e ay as To T
N+ =riry — 15 = det = det = —asN,.

Ty T3 1 0 T2

]

Proposition 3.10. Suppose that a; = —1. Let V be a smooth projective model of the
affine curve y*> = Ax?—4N. Then for anyn € Z, we have that (1, 21,1 —a1r,) € VNAZ.
In particular, if S is the set of primes dividing the denominators of ai,ry and ro, then

there are infinitely many S-integral points on V.

Proof. Applying Lemma 3.9 repeatedly n times we find that N = r,or,, — r2,, for any
n € N. Likewise, applying the Lemma to the sequence given by shifting r, back by
one or more elements shows that the relation holds for any n € Z. Rewriting using

Tnao = A1Tp11 — Tp, WE find that

2 2
Thi1 — @1TpTpg1 + 1, + N =0.

By multiplying by 4 and completing the square with respect to 472, we find that

(2rps1 — a1ry)? —air? +4r2 + N =0,

that is, that (2r,41 — a1r,)? = Ar2 —4N. O

Remark 3.11. Observe that infinity has two preimages (over K) under the projection

Ty : V. — P, which in affine coordinates is given by 7, : (z,y) — z.

Lemma 3.12. The following provides a parameterization of the curve V:

ro(w? + A) — (4r1 — 2aym0)w (ayro — 2r)w? + 2Arqw + (a1rg — 2r1)A
(etw).yt) = - , 2 |
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Denote q(w) = z(w) and set § = v/A. Recall that ps(x) = (x+6)/(x —6). Then we have

that

ro = q(u; (") = q(p;  (B/A)e™™)).

Proof. To verify this, we substitute the parameterization into the curve equation. We refer
the reader to Appendix A.1 for a symbolic calculation that shows the parameterization
satisfies the defining equation of V. In fact, the appendix gives a parameterization for
the curve y? = Az? — 4N for any value of as.

To prove the last part of the lemma, recall the notation r, = Ap"™ + Be™". We claim
that q o ,ugl(x) = Ax + Bax~!. This composition yields a degree-two function with poles
at zero and infinity, since q(u; ' ({0,00})) = q({3, —0}) = oo. Therefore, q o y; ' (z) has
the form ax + bx~"! for some a,b € K. Thus, to show the result we simply need to verify

that a = A and b = B. First, plug in z = 1:

a+b=gqou;'(1)=q(c) =1y = A+ B.

Next, plug in z = —i:

—ai +bi = qo ;' (—i) = q(id) = —(2r, — ayro)/(i6).

Now, since, % = —1A+1iB,

27"1 — 1Ty = A(a1 + 5) + B((Zl - 5) — (llA - CLlB = 5(_/4 - B)

Putting the last two equations together, we find that —ai + bi = —Ai + Bi. Overall,
we find A = a and B = b, as desired. Lastly, if y = (B/A)x™!, then the equality
Ay + B/y = Ax + B/x demonstrates the truth of the last equality presented in the

lemma. O

Henceforth we shall denote ¢(w) = xz(w) for the quadratic given in the parameteriza-
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tion.
Remark 3.13. The last line of the proof shows that, in general, ¢ o n:S,B/A(‘T) = q(x).

The following lemma presents a twisted version of the claim that if czf = ' for some

rational z and integer ¢, then ¢ must be a (small) power of ¢ times an n-th power.

Lemma 3.14. Let ¢ € K* be such that uglc € K, and let n > 1. Suppose that the
image of K under the map n.Rs,(x) € K(x) contains an element of the form s (),

for somet € Z. Then c = d"p* for some d € us K and some 0 < k < n.

Proof. Suppose that n.Rs,(x¢) = /Lglgot for some xg € K. Writet = gn—+k for 0 < k < n.

Apply 7,-+(z) to both sides of the equation, then

NN R (20) = Npr (W' (™))

-1 nq

= Us ¥

= Rsu(1i5 (7))

Applying ps to both sides, we find that ¢ *cus(zg)® = ™. Thus ¢ = ¢*d" where
d = ¢/ ps(xo). We know that both ps(zo) and ¢? € usK (by Remark 3.6), and again by

Remark 2.32 we find that their quotient d € usK. O]

Proposition 3.15. Let the recurrence sequence 1.9 = 1711 — 1 € K be as in Theo-
rem 3.7 (i.e., with N # 0 and A # 0). Suppose ¢ € K(x) is a function of degree d > 2,
having only one pole, and suppose that the image ¢(K) attains infinitely many values
from {ry | n € Z}. Then ¢(z) = £/ g Daa(€(2)) for some a € K, and a degree one
map ¢ € K(z), and where d = deg ¢.

To show this, we apply the contrapositive of a previous result of the authors. We use
the following updated version of the notation, in which G,,, B, u and x¢ are replaced with

Tn, a1, as and N, respectivaly.

Theorem 3.16 ( [8, Theorem 7]). Let r,, be as in the proposition, and let g(x) € K[x] be

a polynomial of degree > 2, such that g(x) is not of the form +£1/-L5 Dy, (l(x)) for all

Amd
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linear {(x) € K|x], for allm € K, and for e = £1 when ay =1, or e = 1 when ay = —1.

Then #(g(K)N{r, |n€Z}) < oo

Remark 3.17. We fixed a typo from the original statement, so that in the leading coefficent

m¢ appears in the denominator, and not in the numerator.

Proof of Proposition 3.15. If the single pole of ¢(x) is at infinity, then ¢(x) is a poly-
nomial. Otherwise, denote the pole of ¢(z) by p € K. Note that this pole belongs to
K since it is the only pole. Then ¢(z) = ¢(Z2H) is a polynomial over K, as it has
a single pole at oo. Recall the we restrict to the case a, = —1. Clearly, this poly-
nomial also attains infinitely many elements from r, as values, hence by the theorem
b(z) = + 2 Dym(L(2)) for some degree-one function {(z) € K(z) and m € K such

that N/Am? is a square. Thus, ¢(z) = £/ 5 Dym(¢'(2)) where £'(z) = ((EZL). We of

course take o = m. O

Proposition 3.18. Restrict to the case as = —1, and let N, A and § be as in Theorem
3.7. Suppose ¢(x) is a Siegel function with two poles, and that the image ¢(K) contains
infinitely many elements from {r, | n € Z}. Then ¢(x) = q(ns+(Rsn(€(x))), for some

0 <k <n and some degree-one map ¢(x) € K(x), and for

2+ A)— (4r; =2
R R B TET

18 as in Lemma 3.12.

Proof. Recall the curve V defined in Proposition 3.10. Let V = ¢*V be the pullback of
the projection 7, : V — P! to the z-coordinate by the map ¢ : P! — P!, We remark
that the projection 7, has been computed in affine coordinates in Lemma 3.12 to be the
quadratic map ¢(x) given in the proposition. For clarity, we shall refer to it as m,.
Consider the following field diagram, and the graph depicting the corresponding

preimages of co along the various maps shown in the diagram:
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=
o

K(Zay) U1, U2

ywx

R NAA

Let z1, 2z denote the preimages of co under ¢. Due to the parameterization given in
Lemma 3.12, we can write K (¢(2),y) = K(w). Moreover, as mentioned in Remark 3.11,
infinity has two preimages under the map 7., which we shall denote by wy, w-.

The image of ¢(x) contains infinitely many elements from {r,},cz. Again, let S be
the set of primes dividing the denominators of a;, 7y and 7, such that all the elements in
the sequence are S-integers.

Then, in light of Proposition 3.10, there are infinitely many K-rational points on 1%
whose images under the composite map ¢ o ¢*m, : (2,y) — ¢(z) are S-integral . Then
by Siegel’s Theorem this curve is of genus 0 and the composite map is a Siegel function.
Moreover, this composite map must have at most 2 poles. However, since ¢ has exactly
two poles the composite function must also have exactly two poles. Let us denote them
by v; and vy, and let us fix the notation such that these map respectively to w; and w,
under 7 ¢, and to 21, zo under ¢*m,.

Both w; and wy each have only one preimage (in K) under 7*¢. Thus, 7%¢ must
be totally ramified over these points, with ramification indices e, (v;) equal to the index
[K(V) : K(w)]. Since both w; and w, are unramified under ¢, this implies that the
ramification index of v; over oo is likewise equal to [K(V) : K (w)].

Since V is a curve of degree two, the index [K(V) : K(z)] < 2. If the in the field
diagram above K (z) and K (w) are linearly disjoint over K (¢(z)), i.e., [K(V) : K(2)] = 2,
then co should have 4 = 2 - 2 preimages over K in V, by Lemma 2.22 (Abyhanker’s
Lemma). As we say, there are only two such preimages, hence the diagram is reducible
and K (V) = K(z).

In particular w = w(z) € K(z) is a rational function in z, which is totally ramified at
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z1 and z».

Observe that ¢ = m, ow, and thus that the branch points of w are the preimages of co
under the projection, which are £J. Thus, from Proposition 2.42, w(z) = ns.(Rs.(¢(2))),
for some ¢ € ps(K), and some degree-one map ¢(x) € K(x).

If n =1 we find that ¢(x) = ¢(¢'(z)), where ¢’ = 1.0 ¢, and we're done.

From now on suppose that n > 2. We would like to show that, up to changing ¢(x)
we can choose ¢ to be a (small) power of p. By the latter part of Lemma 3.12, we know
that there are infinitely many elements from the set {5 ("), ;' ((B/A)¢™")} in the
image of w(z). By Lemma 3.14 (applied twice) we must have ¢ = d"¢* or ¢ = B/Ad"p*
for some 0 < k < n.

For the case ¢ = d"¢*, we use the fact that Ns,an L5 = Rnna to get the required form
d(x) = q(ns o+ Rsn(€(x))) for some appropriate £(x). For the case ¢ = B/Ad"¢", we first
recall that gonj 5,4 (2) = q(z) (Remark 3.13). Moreover, by Lemma 2.40, we can see that
5,(8/A)e R0 (T) = 05 51461/ Rs.nM5 1 (2). Therefore, we can write ¢(z) = q(15,1/cRsn(¢(7))
for some appropriate ¢(z). Now note that 1/c = d™p*, with ' € = (K) and 0 < k' < n,
for d = ¢/dand k' =n —kif k # 0 and d' = 1/d, k' = 0 otherwise. Thus, in the same
we as before we can see that 751 /. Rsn(x) = N5 o' R, (nsa(x)) yields the required form.

Overall, we find that ¢(z) = (15, (Rs,(¢(x)))) for an appropriate ((x) € K(x). O
Finally, we can prove Theorem 3.7.

Proof of Theorem 3.7. Let S be the set of primes dividing any one of the denominators
of ay, ro or r1. Then all the elements of {r, | n € Z} are S-integers, and thus ¢(z) as
in the thoerem must be Siegel function, and by Theorem 2.24 (Siegel’s theorem), ¢(x)
has either one or two poles. Proposition 3.15 treats the case of one pole and yields that
¢(z) must have the form given in 1, and Proposition 3.18 treats the case of two poles and

yields that ¢(x) must have the form given in 2. O

We now turn to the proof of the special case of the Fibonacci sequence given in the

introduction:
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Proof of Theorem 1.1. For the Fibonacci sequence, we have that ( = —1 is a second root
of unity. The roots of the Fibonacci sequence are the golden ratio ¢ = (1++/5)/2 and its
conjugate —¢~! = (1 —+/5)/2. Thus, when applying Theorem 3.1, we need to consider
the cases j = 0 and 7 = 1. The recurrence relation satisfied by the even-index and odd-
index Fibonacci subsequences is Fo, 41 = 3Fo,194¢ — Fonye, where € € {0, 1}. Thus, we
set a; = 3. Using the notation of the theorem, we also have that A= a?—4=9-4=5,
and thus 6 = v/5, and lastly NO = FyFy — F} = —1, and N, = FsFy — F =1.

Likewise, we calculate 7z » (x): We represent degree-one functions in a matrix form,
relying on the well-known fact that the product of these matrices corresponds to the

245 z+1

composition of the functions. We have that p z(z) = 0 and ,u\_/%(x) = /5% Thus,

rz—1

corresponding to the composition u\’/lg o (¢p*r)ou /5 1s the product:

VE VB [ 0} [1 V5 V5 V5 [1 V5 (@*+1)VB  5(p*—1)
1 -1 0 1) \1 -5 e 1] \1 =5 e’ —=1 (P +1V5

We finish the calculation by noting that this matrix defines the composition up to a scalar
multiple. Thus, dividing the entire matrix by ¢ = ©? — 1, and noting that (©? +1)/p =
@+ ¢t = /5, we can see that the compositon Nys.e2(x) = (5x +5)/(z +5).

Lastly, we calculate ¢_1(z) := qo(x) and ¢; (z):

F()(,ZL'2 + A) — (4F2 — leFo)Qf B —4x

2 — A x?2—5

q(z) =

and
Fi(2?+A) — (4F; — 20 ) 2 +5— (8—6)z

2 — A 2 -5

q-1(z) =

All that is left is a straightforward application of the theorem, and the following

remarks: We note that when d is even, % = +(5a?)~! is never a square, and so the
Dickson polynomials of even degree do not appear in the theorem and we may only
consider odd d for this case. Thus, per Remark 3.2, we can both forgo the + sign, and

take o = 5/N,. More explicitly, we take & = —5 whenever there are infinitely many even

indexed Fibonacci numbers in the image of ¢, and @ = 5 when there are infinitely many
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odd indexed Fibonacci numbers in the image. O]
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Chapter 4: Reducibility of R, (x) —a
and Dy,(z) — a

Throughout this chapter let K be a field of characteristic 0, let § € K* be such that §2 €
K, let a € K* and let n € N be a natural number. We sometimes write R, (z) = Rs,(z)
for the Rédei function, and D, (x) = D, () for the Dickson polynomial.

The purpose of this chapter is to prove the following two theorems:

Theorem 4.1. Suppose that the numerator of R, (z) —a € K(x) is reducible over K for

some a € K. Then either
e a = Ryb) for somep|n andbe K, or
e 4| n, and a =n_4(R4(b)) for some b € KI[J].

Theorem 4.2. Suppose that D, ,(x) —a € K|z] is reducible over K for some a € K.

Then either
® a=D,um,(b) for somep|n andbec K, or
e 4|n, and a = —5Dyynsa4(b) for some b e K.

Remark 4.3. The converses of both theorems hold. The first cases of each theorem
imply reducibility due to the fact that Rs,(x) = Rsp 0 Rsn/p(2) and Doy (2) = Dynsp, 0
Da,n/p (l‘) .

To see that the second case implies reducibility for the Rédei functions, we refer the

reader to Appendix A.2, for a computation of the decomposition of (the numerator of)

26



Reducibility of R, (z) — a and D,(z) —a

Rs4(x) — ns—aRs4(y) over K[d]. To demonstrate reducibility in the second case for the

Dickson polynomials, we first note that D, 4(z) = 162* — 16az? 4 202, and therefore

1
Daalw) + A_LD%A(?J) = 162* — 160x? + 40* — S + 4y

=422 + 22y + y* — a)(22° — 22y + 9* — ) € K[z].

Remark 4.4. The reducibility of Ry(x) — n_4R4(y) is a twisted version of the fact that

ot 4 4yt = (2 — 2zy + 20°) (2® + 22y + 20°).

We begin the proof of Theorem 4.1 by starting with the simple cases n = p and n = 4:

Lemma 4.5. Let p be a prime, and suppose that R,(x) —a € K(x) is reducible. Then
a = R,(b) for some b e K.

Proof. We first treat the case where a is ramified under R,(z). This occours only for
a = +£46, in which case, since we assumed a € K, we can simply take b = a, as both
ramification points are fixed points of R,(x).

If @ is unramified, consider a decomposition group D of the splitting field of R,(z) —1¢
at t — a. Proposition 2.54, describes the monodromy group of R,(z), and says that D
is a subgroup of AGL;(Z,), and that its action on the roots of R,(x) — ¢ is induced by
the action of AGL,(Z,) on {0,...,p — 1}. Since t — a is unramified, D is also the Galois
group of the splitting field of R,(z) —a over K. By the reducibility assumption, D must
act intransitively on the roots of R,(z) — a in the splitting field. Thus, by Lemma 2.5,
there must be a root which is fixed by the action of D. This fixed point is a root b € K

of R,(z) — a, in particular a = R,(D). O
Lemma 4.6. If the numerator of Ry(x) —a € K(x) is reducible over K, then either
1. a = Ry(b) for some b€ K, or

2. a =n_4(R4(b)) for some b € K[)].
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Proof. As before, we start by treating the case where a is a ramification point of Ry(x).
Again, this is happens only for a = £4, in which case a = Ry(a).

From now on assume Ry(z) is unramified at a. Let £ = !4 = 4§ denote the primitive
pole of Ry(z), where i = \/—1.

We first treat the case where £ € K. In this case, all the finite poles of Ry(z) lie in
K. Then the degree 4 extension K(z)/K(t) defined by t = Ry(2) is the splitting field of
Ry(x) —t, and has Galois group Z,. A decomposition group D at t — a is a subgroup of
Z,, which, by the reducibility assumption, acts intransitively on the roots of Ry(z) — t.
Thus, it must be a subgroup of Zy. If D = 1 is trivial, then all the roots of Ry(z) — a
are in K, and for any such root z we can set b = Ry(Z), yielding Rs(b) = Ro(R2(2)) = a.
Otherwise, let 7 € Z4 be the generator of Gal (K(2)/k)) given by 72 = 1;z (see Lemma
2.52). Then D = {1,7?}. By Lemma 2.35, we can compute 72z = n_1z = §°/z. Let
z € K be some root of Ry(x)—a, for which D is the decomposition group of z — z. Then
the Galois group of K|[z]/K is D, with 72z = §?/z. Then, b = Ry(z) = z + 6*/z € K,
and we have that Ry(b) = Ry(2) = a.

For the rest of this proof, assume that ¢ ¢ K. Again, consider the field extension
K(z)/K(t) defined via t = Ry(z).

Since £ € K, the Galois group of Ry(x) — t is a subrgoup of AGL;(Z4) which contains
both Z, and the automorphism sending & to —¢. Thus, it must be of order at least 8, and
therefore be all of AGL;(Z4). Again, due to reducibility assumption, a decomposition
group D at t — a must act intransitively on the roots of Ry(z) — a.

Now, D either does or does not act transitively on the roots of Ry(x) = a. By Propo-

sition 2.55, this is equivalent to acting transitivily mod 2. If it does not act transitively,
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then as in the previous lemma, it must have some fixed point, which gives a root of
Ry(z) — a over K. If however the action is transitive mod 2, then by Corollary 2.9, we
have that D must be conjugate to the subgroup generated by the involution 7 = —x + 1.
Since D is defined up to conjugation, we may without loss of generality assume equality.
The residue degree at t — a must be at least two, as [K (&) : K] = 2. As D is of order
two, the residue degree must be in fact equal to two. Therefore, if we pick some root
z € K of Ry(z) — a, then K(&,2) = K(£). In particular, z € K(£). Observe that both
zrZz and Z + 7Z are preserved by the action of D, hence both belong to K.

Recall (Lemma 2.52) that 7 acts as 72 = 1;(2), where i = v/—1, and the same holds
for zZ. Applying p to both sides, this means that u(7z) = p(iz).

We shall show that 7,;(Z) is defined over K[d]. We can see that this is the case by

applying Lemma 2.31 to the last term in the following equation:

MyiZ = (1 +3)u(z)) Definition 2.33
= p~' (u(2) +iu(Z))
=~ () + p(r2))
€ K[6,212,Z + 7Z| Lemma 2.31 (3)

= K[5).

Thus, we define b = n4;(2) € K[0]. Finally, by Lemma 2.36, we find that R4(b) =

Ry(n(1+4#(2)) = n-4R4(Z) = a shows the result. O
We now turn to the proof of the general case:

Proof of Theorem 4.1. Indeed, suppose that the numerator of R,(x) —a € K(z) is re-
ducible over K. Consider the extension K(z) of K(t) defined by ¢t = R,(z). Write
Q) = F,(z) for the Galois closure of R,(z) —t, and G for its Galois group. Again, t — a
is ramified in this extension if and only if @ = £4, in which case a = R,(a) for any p | n.

From now on assume that ¢ — a is unramified. Since the numerator of R4(x) — a

is reducible, a decomposition group D < G < AGLy(Z,) at ¢ — a must act in-
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transitively on the roots of R,(x) —t. Again, this action is isomorphic with the ac-
tion induced by AGL;(Z,) acting on {0,...,n —1}. By Lemma 2.12, we can assume
that D acts intransitively mod p, for some p|n, or that 4|n and D acts intransitivily
mod 4. By Proposition 2.55, the fixed field of G N ker ¢, is the splitting field of
Ry (x) —t. Now, g,.(D) < AGLy(Z,) is a decompposition group at ¢ — a of the
extension Q¢ %n’ /K (1), Intransitivity of the action mod n’ means that the numerator
of R,/(x) —t is reducible. Thus we reduce to the cases where n = p or n = 4, which are

treated by Lemmas 4.5 and 4.6 respectively, yielding the result. [

The proof for Theorem 4.2 follows much of the same ideas. We start by considering

the cases where n = p and n = 4:

Lemma 4.7. Let p be a prime, and suppose that D, ,(z) —a € K[z] is reducible over

K. Then a = D, ,(b) for some b € K.

Proof. The case p = 2 is trivial, as a quadratic function may only factor into linear
factors, giving a rational root.

From now on we assume that p > 2. Again, we first treat the case where a is a branch
point of D, ,(z). This implies @ = +2a?/2 € K. Since p is odd, we have that a!/? € K,
in which case

2aP/? = Da7p(041/2 + Oz/al/Q),

and

2072 = Dy ()" + 0/ (~0"/2) = Do (0)

yield approprirate b € K.

Now, assume that @ is not a branch point of D,, ,(z). Consider the extension K(2)/k(z)
defined by ¢ = D,(z), and let © denote its Galois closure. By Proposition 2.58, it has
Galois group G < AGL;(Z,). Since the specialization of D, ,(x) —t at t — a is reducible,
a decomposition group D < AGL;(Z,) at t — a must act intransitively on the roots of
R,(x) — a. Then by Lemma 2.5, there must be a root of R,(x) — a which is fixed under

the action of D, which gives a rational b € K such that a = R, (D). ]
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Lemma 4.8. If D,4(x) — a is reducible over K, then either
1. a = Dy25(b) for some b e K, or
2. a= —iDgaA(b) for some b € K.

Proof. Again, we first treat the case where a is a branch point of D, 4(z). This is the

case only for a = +2a2. Then the computations

20% = Dyzo(a + o*/a),

and

—2a% = D2 o (i + a?/(ia)) = Doz 5(0)

provide appropriate b € K.

Now assume that a is not a branch point of D, 4(x). Again, let K(z) be the extensnion
of K(t) given by t = D, 4(z), and let §2 be its Galois closure, which again has Galois
group G < AGL;(Zy).

Let D be a decomposition group over t — a. Again, due to the reducibility assump-
tion, D acts intransitively on the roots of D, 4(x) — a. Since @ is unramified, there are
exactly 4 roots which correspond to {0,...,3} under the action of G.

Now, D either does or does not act transitively modulo two (i.e., when factored
through the quotient morphism AGL;(Z4) — AGL;(Zy)). If it does not act transitively
mod two, we again have that a decomposition group for Q42 (which is the splitting
field of D,z 5(x) — t) must have a fixed point. The specialization of this fixed point is a
root of D2 o(x) — a which belongs to K.

If D does act transitively modulo two, it is conjugate to (—z + 1) by Corollary 2.9.
Without loss of generality we may assume equality. Write ¢ for the unique non-identity
element of D. Let us work in the larger field (v, %), defined by 2 = v+ /v and i* = —1,
and extend o to this larger field via ov = iv, as in the proof of Proposition 2.58.

We compute 0z = iv + a/iv, and note that ¢t = v* + a*/v*. The group D preserves
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the set {z,0z}, and thus also preserves the sum

1
B:i=z+o0z=(1+i)v+—"—
v
Now, clearly
Dooa(B) = —4v* +2*/(—4v*) = —4(v* + o' /v') = —4t,

and hence b = B € K satisfies Dy, 4(b) = —4a, as desired. O
We now turn to the proof of the general case:

Proof of Theorem 4.2. Again we begin with special treatment for the branch points. If
n is odd, then a = +2a? € K implies that a'/? € K, and as in the odd prime
case 2a™? = D4,(2a) and —2a™? = D, ,(0). By Remark 2.57, which states that
Don(2) = Dynsoy © Damyp(x), we are done.

Now, if n is even and p|n is an odd prime, then again
2an/2 - Dan/p7p(2an/2p)

and

—2Oén/2 - Dan/pyp(o)

provide appropriate b € K. The case n = 2 was treated in the previous lemma. Lastly,

if n > 2 is a power of 2, then o//* € K and the idenities
202 = Dan/272(2a”/4)

and

—20""? = D2 5(0)

provide appropriate b € K.

From now on we assume that a is not a branch point of D,, ,(x). As before, consider

62



Reducibility of R, (z) — a and D,(z) —a

the extension K (z) of K(t) defined t = D, ,(2), and its Galois closure €2, and its Galois
group G < AGL;(Z,). Since the specialization at ¢ — a is reducible, a decomposition
group D < G at t — a must act intransitively on the roots of R, (x) — a.

By Lemma 2.12; it follows that D acts intransitively modulo p for some p|n, or
modulo 4, in which case 4 |n. By Proposition 2.55, the fixed field of G Nker g, is the
splitting field of D ju/nr (%) —t. Now, g, (D) < AGL(Z,) is a decomposition group
at t — a of the extension Q% 4n.n’ /[ (t). Intransitivity of the action modulo n’ means
that the polynomial D . ns n,(x) — a is reducible, and we may reduce to the cases where
n = p or n = 4, which are treated by Lemmas 4.7 and 4.8 respectively, yielding the

result. O
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Chapter 5: Polynomials reducible
at infinitely many values of a

recurrerice sequeince

As in Chapter 3, let K be a number field, and let (r,),., be a rank-two recurrence

sequence satisfying r, o = a17,41 + asry, in which a; € K and as = —( € K where
. . . . . - - 2
¢ is an m-th root of unity. Likewise, recall our notations N; = rop;7; — 15, and

A = D¢n(ar)? — 4, where D¢ ,,(2) is the degree-m Dickson polynomial with parameter
C.

Recall that we are interested in describing the irreducible polynomials P(t,z) €
K(t)[z] for which the specializations P(r,,z) € K|[z] are reducible for infinitely many
n € Z. Due to Hilbert’s irreducibility theorem, it suffices to classify all such P(t,z) for
which P(¢(z),z) € K(z)[z] is reducible for some rational function ¢(z) € K(z) whose
image contains infinitely many numbers from {r, | n € Z}. Now that Theorem 3.1 clas-
sifies all such functions ¢(z), we describe the irreducible polynomials P(t,z) for which
P(¢(z),x) € K(z)[z] become reducible for one of those ¢’s. Therefore, we will split the
proof along the two cases given in Theorem 3.1: The case where ¢ is linearly equivalent to
a Dickson polynomial, and the case where ¢ is the composition of a degree-two function
with a Rédei function Rjs,,(z). These cases are treated in Proposition 5.3 and Proposition
5.4, respectively. The combined description is given in the following theorem.

Given a recurrence sequence satisfying the recurrence relation r,,o = ai1r,11 + asry,,

let ¢ be a root of the recurrence sequence, i.e., a solution to 2% = a;x + as. Restrict to
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the case where ay = —(, where ¢ is an m-th root of unity. Let A and Nj be as defined

at the start of the chapter, let § = \/Z, and define, as in Theorem 3.1,

(22 + A) — (4rmyy — 2a075)
22 — A

4)(x) = € K(x)

ps(x) = i J_r g Rsn(x) = p5 (ps(2)"),  mse(x) = 5 (cps()).

Theorem 5.1. Let K be a number field, and let r,.o = a1r,11 + aor, be a recurrence
sequence with ay € K and ay = —( € K, where  is an m-th root of unity. Assume that
both A and all the subsequence norms (c.f. Chapter 3) Nj are not 0, for 0 < 7 < m.
Now, suppose that P(t,x) € K(t)[z] is an irreducible polynomial over K (t) such that
the specializations P(rn,x) € K[x] are reducible for infinitely many n € Z. Let Xp be
the projective variety defined by P(t,z) = 0 and denote by m, : Xp — P! the projection

to the x-coordinate. Then either
1. m, factors as qj o @ for some 7' : Xp — P defined over K, or

2. m, factors as +a~PTV/2D, ox' for some ' : Xp — P! defined over K, and some

odd prime p| deg, P and where o = ,/% whenever this value belongs to K, or
J

N
3. my factors as £/ x5 Daa © 7 for some ' : Xp — P! defined over K, and where

d=2 or4, and for some o € K such that Nj/Aad 1$ a square in K, or

4. the pullback ¢, factors as ns me o Rspon’ for some '@ Xp — P! defined over K,

and some prime p| deg, P, and for some k < p, or

5. the pullback q;m, factors as s _yome © Rsqom for some 7'+ Xp — P! defined over

K|[6] and for some k < 4, when 4| deg, P,

for some 0 < 57 < m. Moreover, for this particular j, there are infinitely many elements

of the form ry,1; in Redp(K).
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Remark 5.2. As shown in Remark 3.8, the converse statement holds for functions of the
form 1, and for functions of the form 2 or 3 for particular sequences and particular values
of a. For the other forms we do not know whether the converse holds and intend to tackle

the question in future work.

We begin the proof for the case where ¢(z) is linearly related to a Dickson polynomial.

Proposition 5.3. Let ¢(z) = Ca™%D,,({(z)) for some C,a € K and {(2) a rational
degree-one function. Suppose P(t,z) € K(t)[z] is an irreducible polynomial over K(t)
such that P(¢(2),x) € K(z)[z] is reducible over K(z), where this is the extension of K (t)
defined by ¢(z) =t. As before, let Xp be the projective variety defined by P(t,xz) =0 and
let 7, : Xp — P! be the projection to the x-coordinate. Then the projection m, : Xp — P!

factors as either

° Co/‘p/2Da/7po7r’ for some ' : Xp — P! and some prime p|n, and where o/ = amp,

or as

n/4

o — S Dyon for somen : Xp — P, and where o/ = 2a™*, and 4|n.
6% )

Proof. We may assume without loss of generality that ¢(z) = z, since two polynomials
which differ by a degree-one map will be reducible or irreducible simultaneously, and
this change of variables would only amount to a similar change of variables in the input
of the resulting n’. Consider the following field diagram, in which we describe the field

extensions defined by ¢(z) =t and P(t,z) = 0.

The fact that P(¢(z),z) is reducible over K(z), but not over K(t), implies that the

extension obtained via adjoining to K(z) an x which satisfies P(¢(2),z) = 0 will have
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smaller rank than the extension obtained via adjoining to K (¢) such an x. That is,
[K(z,2) - K(2)] < [K(t,2) : K(1)],

which in turn implies that
[K(z,2) - K(t,2)] < [K(2) : K(1)],

i.e., that (the numerator of) ¢(Z) —t € K(t)[Z] is reducible over K (t,z). Now, since
¢ is linearly related to a Dickson polynomial we can apply Theorem 4.2 over the field
K (t) and setting a = t. We find that ¢ = Ca™?D s ,(b) for some prime p | n, some
b€ K(t,z), or that t = —M%Dgan/474(b). Rewrite with o/ = a™? or 20"/ to get that
either t = Ca/"P2D ,(b) or t = —C'a/~2D, 4(b) for some b € K (t,x). This implies that

7, factors through these functions. Clearly, in this case p (or 4, respectively) divides

degm, = deg, P.

]

We now turn to the case where ¢ is linearly related to the composition of a quadratic

map and a Rédei function.

Proposition 5.4. Let ¢(2) = q(Rsa(€(2))) for arbitrary degree-one and degree-two
maps {(x),q(x) € K(z), and some 6* € K.

Suppose P(t,x) € K(t)[x] is an irreducible polynomial over K (t) such that P(¢(z),x) €
K(z2)[z] is reducible over K(z). As before, let Xp be the projective variety defined

by P(t,z) = 0 and let 7, : Xp — P! be the projection to the x-coordinate. Let
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P,(z,x) = P(q(z),x) € K(z)[z]. Observe that the variety defined by P,(t,x) = 0 is
birational to the pullback along q : P — P! of Xp. Let ¢*m, : ¢*Xp — P! be the pullback
of the projection w, along q.

Then either
o T, =qor for some ' : Xp — P! defined over K, or

e ¢*m, = Rs, o7 for some ' : ¢*Xp — P! defined over K, and for some prime

p| deg, P, or
® ¢*my =1s5_40 Rsqon for some ' : ¢*Xp — P! defined over K[4] and 4| deg, P.

Remark 5.5. We remark that the function ns _4(z) = (302 + 562)/(5x + 36?) is defined
over K[d].

Proof. As in the proof of Proposition 5.3, we may assume £(z) = z, since a linear change
in variables does not affect reducibility. We begin by showing that (since ¢ is a degree-two

map) 7, factors through ¢(w) if and only if P,(w,x) is reducible over K (w): Indeed, let
K(Xp)=K(t,z) C K(¢"Xp) = K(w,x)

denote the corresponding function fields, where we have ¢ = ¢(w). The polynomial
P(q(w), z) is reducible over K (w) if and only if [K(w,z) : K(w)] < deg, P, which, in
view of the diagram below holds if and only if [K(w,z) : K(t,2)] < 2, i.e., if and only if
K(w,x) = K(t,z) . This holds if and only if K(w) C K(¢,z), which is the field-theoretic
reformulation of the factoring claim.

K(w,x)

deg, P/ Y
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Thus, from now on, suppose that P,(w, x) is irreducible. However, by our assumption,
P,(Rsn(2), ) is reducible over K(z). By the same logic as in the proof for the Dickson
case, this is equivalent to the numerator of R, (Z) — w € K(w,z)(Z) being reducible
over K(w,z). By Theorem 4.1, the reducibility of the numerator R,,(z) —w implies that
w = Ry(b) for some prime p|n and some b € K(w,z), or that w = n_4R4(b) for some
b e K(6,w,x), in which case 4 |n. The diagram below depicts the case where w = R, (b).
Either way, in both cases this implies the prescribed factorization of 7, as described in

the theorem.

K(z, )
K(z) K(w, x)
\ KO) \
/
K(w) K(t,x)

As for the divisibility claim: In the prime case, clearly p| degm, = deg, P. However, in
the case where m, factors through Ry(z) over K[0] we find that 4 divides [K(d,w,x) :
K(0,w)]. If 6 ¢ K(w,x), this quantity equals [K (w) : K (w, x)], which (by our assumption
of irreducibility with ¢) is equal to degm,. If § € K(w,x), we find that (in view of the

diagram below):

4| [K(6,w,x) : K(J,w)]
| [K (6, w,z) : K(w)]
= [K(w,z) : K(w)]

= deg 7,

which finishes the proof.
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K(w,z) = K(§,w, )

N

We can now turn to the proof of the main theorem of this chapter:

Proof of Theorem 5.1. Indeed, by Hilbert’s irreducibility theorem (Theorem 2.26), we

have that

Redp(K) = | J 6:(Vi(K)) U F

for a finite set F' and a finitely many smooth projective ramified coverings ¢; : V; —
P!. Moreover, the theorem gives us that P(¢;(v),z) € K(V;)[x] is reducible for all
i. For at least one such i the image ¢;(V;(K)) will contain infinitely many elements
from {r, | n € Z}. Note that all these elements lie in the finitely generated subring of
K generated by aj,as,79 and r1. Thus, by Siegel’s theorem (Theorem 2.24), for this
particular ¢ we have that V = Vj is birational with P!, and that ¢ = ¢; is a rational
function. By our choice of 7, this function attains infinitely many elements from {r,}.

Thus, by Theorem 3.1, we must have that for some 0 < j < m, and some degree-one
map {(z) € K(x), the function ¢ = :I:\/AI;;DOW ol or ¢ =qjon.o Rs, ol where c = ¥
for some 0 < k < n. We have that for this particular j, infinitely many of the values
attained by ¢(x) are of the form r,,,;;. These are, in particular, reducible values for
P(t,x),

The case where ¢ is linearly related to a Dickson polynomial is a direct application
of Proposition 5.3, and the case where ¢ is the composition of a quadratic and a Rédei
function is treated by Proposition 5.4, with ¢ = ¢; o n.. Lastly, we note that ¢jm, =

Ne © ¢*my, yielding the result.
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We remark that in the application of Proposition 5.3 we may freely ignore the sign
differences in the two factorizations, as the constant in front of our Dickson polynomial is
already defined only up to sign. Likewise, for the odd prime case we may set a = A / N j

as in Remark 3.2. O

Lastly, we prove the theorem stated in the introduction, which is the special case of

the Fibonacci sequence.

Proof of Theorem 1.3. As in the proof of Theorem 1.1, we have that ( = —1, that the
roots of the recurrence sequence are the golden ratio ¢ = (1 + \/3) /2 and its conjugate
—¢p~' = (1 — +/5)/2. Thus, we need to consider the cases j = 0 and j = 1. The same
calculations from the proof of Theorem 1.1 yielded that @; = 3, A =5, § = /5, and that

No = —1and Ny = 1. Likewise, that 75 (x) = (52 + 5)/(2 + 5), and that

F()(I'Q + A) — (4F2 — 2&1]‘70)17 . —4x

2 — A x2—5

qo(z) =

and

F(*+A)— (AR — 20 F)r 22+5— (8 —6)x

We can now apply Theorem 5.1. Observe that since we assumed that deg, P(t,x) is odd,
we may discard the case where 7, factors through the quadratic maps ¢;(x) and the case

where q; T factors through the degree-four map Rj4(x). O
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A.1 Verification of the parameterization in Lemma

3.12

Recall the parameterization for V : y?> = Ax? — 4N given in the lemma:

- To - (U)2 + A) — (47’1 — 2&17"0)11] (a1r0 — 27"1)’(1]2 + QAT’(]IU + (alro — 27’1)A
(etw).ytw)) = S , 2o .
The following Python code evaluates the parameterization, showing that indeed (z(w), y(w))

gives a point on V for every w:

import sympy
al, a2, r0, rl, w = sympy.symbols(’al,-a2,-r0,-rl,-w’)
Delta = al*x2 + 4xa?2
N = a2*r0**2 + alxrO*xrl — rlx*rl
x = (rOx(w*x2 4+ Delta) — (4xrl — 2xalx*r0)*w) /
(wxx2 — Delta)
vy = ((alxr0 — 2xrl)xwxx2 + 2xDeltaxr0*w
+ (al*r0 — 2xrl)xDelta) /
(wk*x2 — Delta)

print ((y*x2 — Delta % x*x2 + 4%N).simplify ())

The code prints out 0.
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A.2 Reducibility of Ry(z) — n_4Ru(y)

The following Mathematica code shows that the numerator of Ry(x) — n_4R4(y) is a

reducible polynomial:

mu[x_| = (x + d)/(x—-d)

muinv := InverseFunction [mu]
R[n_, x_] := muinv[mu[x] n]
etalc_, x_] := muinv[c % mu[x]]

(R[4 ,x]—eta]-4,R[4,y]]) // Factor \

// Numerator // IrreduciblePolynomialQ

This code prints out the value False.

Further, the result of the following additional line:

(R[4 ,x] — eta[—4, R[4, y]]) // Factor // Numerator // FactorList

comes out to be:

{{1,1},
{d"4-2d"3x+5d "2x"2+2d"3y—12d "2xy+2dx " 2y+5d "2y 2—2dxy "2+x "2y "2,1},

{5d"4-2d " 3x+d"2x"2+2d"3y—12d " 2xy+2dx " 2y+d "2y 2 2dxy " 2+5x "2y "2,1}}

which gives the decomposition.
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